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Abstract
Super-massive black holes (SMBHs) hosted in active galactic nuclei (AGNs) can be characterized by multi-accreting periods as
the attractors interact with the environment during their life-time. These multi-accretion episodes should leave traces in the matter
orbiting the attractor. Counterrotating and even misaligned structures orbiting around the SMBHs would be consequences of these
episodes. Our task in this work is to consider situations where such accretions occur and to trace their remnants represented by
several toroidal accreting fluids, corotating or counterrotating relative to the central Kerr attractor, and created in various regimes
during the evolution of matter configurations around SMBHs. We focus particularly on the emergence of matter instabilities, i.e.,
tori collisions, accretion onto the central Kerr black hole, or creation of jet-like structures (proto-jets). Each orbiting configuration
is governed by the general relativistic hydrodynamic Boyer condition of equilibrium configurations of rotating perfect fluid. We
prove that sequences of configurations and hot points, where an instability occurs, characterize the Kerr SMBHs, depending mainly
on their spin-mass ratios. The occurrence of tori accretion or collision are strongly constrained by the fluid rotation with respect
to the central black hole and the relative rotation with respect to each other. Our investigation provides characteristic of attractors
where traces of multi-accreting episodes can be found and observed.
Keywords: Accretion disks, accretion, jets, black hole physics, hydrodynamics
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1. Introduction
Galactic cores and active galactic nuclei (AGNs) provide a
rich scenario to observe super-massive black holes (SMBHs)
interacting with their galactic environments. There are several
observational evidences supporting the existence of such ob-
jects in AGNs. To cite two of most recent studies on SMBHs
in their host galaxies, we point out the analysis in Tadhunter
et al. (2017) exploring the link between galaxy collisions and
super-massive black hole feeding, while in Regan et al. (2017)
the link between galaxy collapse and rapid SMBHs formation
is faced. Both these studies show the existence of an intense
and strong relation between the galaxy dynamics and its super-
massive guest, especially in the accretion processes character-
izing the strong attractors. It can be expected that, during their
life-time, SMBHs would be influenced by the galaxy dynamics
due to a series of multi-accreting episodes as a consequence of
interaction with the galactic environment made up by stars and
dusts. These activities may leave traces in the form of matter
remnants orbiting the central attractor.
Chaotical, discontinuous accretion episodes can produce se-
quences of orbiting toroidal structures with strongly different
features as, for example, different rotation orientations with re-
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spect to the central Kerr BH where corotating and counterro-
tating accretion stages can be mixed (Dyda et al., 2015; Alig et
al., 2013; Carmona-Loaiza et al., 2015; Lovelace&Chou, 1996;
Gafton et al., 2015), or disks strongly misaligned with respect to
the central SMBH spin may appear (Nixon et al., 2013; Dogan
et al., 2015; Bonnerot et al., 2016; Aly et al., 2015). Eventu-
ally, the scenario envisaged by these studies raises a series of
issues and indications about the different stages of the attractor
accretion periods binding it on its intrinsic rotation. Motivated
by these facts, in this work we investigate structured toroidal
disks, so called ringed accretion disks (RAD), which may be
formed during several accretion regimes occurred in the life-
time of non-isolated Kerr BHs. These configurations were first
introduced in Pugliese&Montani (2015) and then detailed in
Pugliese&Stuchlík (2015, 2016a). They feature a system made
up by several axis-symmetrical matter configurations orbiting
in the equatorial plane of a single central Kerr BH. Evidences
of these special configurations are expected to be found in the
associated X-ray spectra emission in AGNs.
The phenomenology associated with these toroidal complex
structures may be indeed very wide. This new complex sce-
nario enables to re-interpret the phenomena analyzed so far
in the single-torus framework. Observational evidence is ex-
pected by the spectral features of AGNs X-ray emission shape,
due to X-ray obscuration and absorption by one of the tori,
providing therefore a fingerprint of the tori as a radially strat-
ified emission profile (Karas&Sochora, 2010; Sochora et al.,
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2011; Schee&Stuchlik, 2009). Relatively indistinct excesses of
the relativistically broadened emission-line components were
predicted in different works, arising in a well-confined radial
distance in the accretion structure originating by a series of
episodic accretion events. Furthermore, the radially oscillating
tori can be related to the high-frequency quasi periodic oscil-
lations (QPOs) observed in non-thermal X-ray emission from
compact objects. More generally, instabilities of such configu-
rations, we expect, may reveal crucial significance for the high
energy astrophysics related especially to accretion onto BH,
and the extremely energetic phenomena occurring in quasars
and AGNs that could be observable by the planned X-ray ob-
servatory ATHENA1.
The investigation of these RAD configurations, however, is
influences by significant methodological issues. The question
of how to treat this scenario, and how to model the dynam-
ics of toroidal sequences, is undoubtedly challenging. A major
methodological challenge comes from the need to study dif-
ferent evolutive periods of the BH in its environment. Con-
veniently, we may consider following three periods of ringed
accretion disk life: (i) formation of tori, (ii) the accretion peri-
ods onto the central Kerr attractor and (iii) the tori interaction
(emergence of tori collisions). In the current analysis of dy-
namical one-torus system of both general relativistic hydrody-
namic (GR-HD) and general relativistic magnetohydrodynamic
(GR-MHD) set-ups, the geometrically thick disks considered
in this work are often adopted as initial configurations for the
analysis– (Igumenshchev, 2000; Fragile et al., 2007; De Vil-
liers&Hawley, 2002; Port et al., 2016). We can therefore adopt
an analogue approach for the investigation of the case of a cen-
tral Kerr BH and several tori orbiting in its equatorial plane.
However, in a dynamical process the timing problem of how
to depict the different periods is definitely challenging, and re-
quires a certain number of assumptions on the history of the
BH in interaction with the environment. Therefore, fixing a
minimum model set-up inevitably will focus the analysis on a
single, very special situation. It would be necessary to fix: 1.
the attractor through its dimensionless spin, 2. the accretion era
we are willing to describe, and eventually, 3. number of tori, 4.
fluid rotation law, 5. relative tori location, 6. location of the in-
ner torus with respect to the attractor. The immediate approach
would be to let the chance in the choice of a specific scenario
which even in a rich variant of the model will provide neces-
sarily only a partially focused description of one hypothetical
model. The problem remains of how to fix, in such objectively
complex scenario, the initial conditions of multi-tori orbiting a
spinning BH.
In fact, recent results presented by Pugliese&Stuchlík
(2017b,a) show that it is not even immediate to choice the spin
class for the central Kerr BH: the dimensionless spin of the Kerr
black hole strongly constrains the possible couple of orbiting
tori in number of orbiting tori, in location and relative range of
variation for fluid specific angular momentum. In other words,
to fix the initial data for a restricted dynamical scenario, one
1http://the-athena-x-ray-observatory.eu/
needs to have in advance the answer to the very question one
firstly wants to address within the simulation.
In this respect, our analysis stands also as a guideline to this
choice providing a detailed answer to these questions. Results
found here will be the guide for the set-up of any more complex
dynamical system. Moreover, we are able to trace some evo-
lutive lines for an initial configuration of a system composed
by an attractor and general n fluid configurations, corotating
or counterrotating relative to the attractor, at any time of the
system evolution, from the formation to the occurrence of ac-
cretion. Fixing an initial set up, and distinguishing a very re-
stricted number of classes of configurations and attractors, we
discuss the final state of a dynamical evolution from an initial
configuration. There are few evolutive lines with different fi-
nal states; the occurrence of these paths however will be fi-
nally established by a dynamical analysis. The set-up for the
ringed accretion disk model was drew in Pugliese&Stuchlík
(2015), while first proposal of these configurations was in
Pugliese&Montani (2015). In Pugliese&Stuchlík (2015), con-
straints and discussion on perturbations were provided. Then
in Pugliese&Stuchlík (2016a) sequences of unstable configura-
tions were discussed, the investigation was focused on the un-
stable phases of multi accreting toroidal structures. The paper
Pugliese&Stuchlík (2017b) focused on the case of two tori as
“seed” for larger configurations, and paper Pugliese&Stuchlík
(2017a) explicitly addressed collisions and energy release in
colliding tori. In this article, we discuss the situation where
several equilibrium and accreting or proto-jet (open critical)
configurations are formed around a Kerr-SMBH in AGN en-
vironments. Here we take full advantage of the symmetry of
the Kerr geometry, considering a stationary and axisymmetric,
full general relativity (GR) model for a single thick accretion
disk with a toroidal shape. Each torus is featured as an opaque
(large optical depth) and super-Eddington (high matter accre-
tion rates) disk model a radiation pressure supported accretion
disk cooled by advection with low viscosity– (Paczyn´ski, 1980;
Igumenshchev, 2000; Fragile et al., 2007; De Villiers&Hawley,
2002; Port et al., 2016). More precisely, the individual toroidal
(thick disk) configurations are barotropic models where the ef-
fects of strong gravitational fields are dominant with respect
to the dissipative ones and predominant to determine the un-
stable phases of the systems (Font&Daigne, 2002b; Igumen-
shchev, 2000; Abramowicz&Fragile, 2013; Pugliese&Montani,
2015; Paczyn´ski, 1980; Kovar et al., 2016), As a consequence
of this, during the evolution of dynamical processes, the func-
tional form of the angular momentum and entropy distribution
depends on the initial conditions of the system and on the details
of the dissipative processes. The tori are governed by “Boyer’s
condition” of the analytic theory of equilibrium configurations
of rotating perfect fluids (Boyer, 1965). The toroidal structures
of orbiting barotropic perfect fluid are determined by an effec-
tive potential reflecting the spacetime geometry and the cen-
trifugal force through the distribution of the specific angular
momentum `(r) of the orbiting fluid (Abramowicz et al., 1983;
Abramowicz&Fragile, 2013; Abramowicz et al., 2010, 1978;
Stuchlik et al., 2005; Abramowicz et al. , 1996; Lei et al., 2008).
The equipressure surfaces, K =constant, could be closed, de-
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termining equilibrium configurations, or open (related to proto-
jets configurations (Pugliese&Stuchlík, 2016a)). The special
case of cusped or critical equipotential surfaces allows for the
accretion onto the central black hole (Paczyn´ski, 1980). The
outflow of matter through the cusp occurs due to an instability
in the balance of the gravitational and inertial forces and the
pressure gradients in the fluid, i.e., by the so called Paczynski
mechanism of violation of mechanical equilibrium of the tori
(Paczyn´ski, 1980).
The plan of this article is as follows: Sec. (2) introduces the
ringed accretion disk model: we discuss the main features of
geometrically thick accretion disk orbiting a central Kerr BH,
and we then proceed to consider the case of several tori orbit-
ing in the equatorial plane of the central attractor. Concepts and
notation used throughout this works are also introduced. The
introduction of new model also requires the use of an extended
notation; for easy of reference we have summarized main nota-
tion in Sec. (2) and we will make reference also to Table (1) list-
ing main Kerr BHs spins used in this work. In Sec. (3) we con-
sider the case when all the configurations around the attractor
rotate with the same orientation, i.e., all are corotating or coun-
terrotating with respect to the central Kerr BH (`corotating).
In fact, many of the results and constraints on orbiting tori de-
pend mainly on the fluids relative rotation as well as on each
torus rotation with respect to the central Kerr attractor. The
limiting case of Schwarzschild BH is also considered. In static
spacetimes, all tori may be considered as corotating, regard-
less of the fluids relative rotation. In general, any configuration
may be in one of three possible states: non-accreting or equi-
librium (C), accretion (A) or proto-jet (J). Accordingly, we
developed our analysis as follows: in Sec. (3.1) we consider
the proto-jets sequences (J − J). Sequences (A − J), formed
by at last a configuration in accretion and a proto-jet, are stud-
ied in Sec. (3.2), for the case where the open topology is the
outer one (farthest from the attractor). In Sec. (3.3), the case in
which the inner configuration of the couple has proto-jet topol-
ogy is investigated. Section (3.4) describes sequences formed
by a non-accreting torus and a proto-jet. In Section (3.5), we
focus on the case where the proto-jet is the closest to the attrac-
tor. In Sec. (3.6), some remarks on the sequences with (C − A)
configurations are addressed. Analogously, Section (4) deals
with the `counterrotating couples (tori having different rela-
tive orientation of rotation). This case turns far more articu-
lated than the `corotating one, and we address the analysis by
considering the proto-jet-proto-jet (J − J) systems in Sec. (4.1),
in Sec. (4.2) proto-jet-accretion (J − A) systems are discussed,
and in Sec. (4.3) we address the accretion-accretion (A − A)
systems, with a special case where two `counterrotating tori
are accreting onto the central BH. The case where there is an
equilibrium disk and an accreting torus (C − A) is investigated
in Sec. (4.4). This section ends with the study of the equilib-
rium disk-proto-jet (C − J) systems in Sec. (4.5). Section (5)
provides indications on possible observational evidences for the
Ringed Accretion Disks (RADs), discussing the phenomenol-
ogy expected to be associated with these macrostructures.
Our analysis required a certain number of sideline results,
fixing the location of the accretion disk edges in the spacetime
regions confined by marginally bounded, marginally stable and
marginally circular (photon) orbits. It is clear that the problem
to assess the location of the inner edge of a single torus is in
fact a very relevant issue of the accretion disk theory–see (Kro-
lik&Hawley, 2002; Bromley et al., 1998; Abramowicz et al.,
2010; Agol&Krolik, 2000; Paczyn´ski, 2000; Slaný&Stuchlík,
2005). Acknowledging the importance of this issue, we report
in the Appendix A the direct procedure provided for this part
of our analysis, with comments on the results. We note that it
was necessary to consider both the triplets of radii (marginal
orbits) for both corotating and counterrotating matter, conse-
quently, we separated our discussion in two parts in Appendix
A.1 and Appendix A.2. In the investigation of Sections (3)
and (4), we make direct reference to the results and quantities
of Appendix A. Finally, some of these results have also been
used in Pugliese&Stuchlík (2016a); here we propose proof of
those results. This article closes in Sec. (6) where comments
and future perspectives are presented.
2. Orbiting Axi-symmetric tori in a Kerr spacetime
We consider axially symmetric configurations orbiting in the
equatorial plane of a central Kerr BH with mass parameter M
and dimensionless spin a/M ∈ [0, 1] The Kerr metric tensor can
be written as
ds2 = −dt2 + ρ
2
∆
dr2 + ρ2dθ2 + (r2 + a2) sin2 θdφ2 +
2M
ρ2
r(dt − a sin2 θdφ)2 , (1)
ρ2 ≡ r2 + a2 cos θ2, ∆ ≡ r2 − 2Mr + a2,
where {t, r, θ, φ} are the Boyer-Lindquist (BL) coordinates; the
horizons r− < r+, and the outer static limit r+ are respectively
given by:
r± ≡ M ±
√
M2 − a2; r+ ≡ M +
√
M2 − a2 cos θ2. (2)
The extreme Kerr black hole has spin-mass ratio a/M = 1,
while the non-rotating limiting case a = 0 is the Schwarzschild
metric. In general there is r+ < r+ on θ , 0 and r
+
 = 2M in
the equatorial plane (θ = pi/2). Metric tensor (1) is independent
of φ and t, as consequence of this the covariant components pφ
and pt of a particle four–momentum are conserved along the
geodesics2 and we can introduce the constants of motion
E ≡ −gαβξαt pβ, L ≡ gαβξαφ pβ , (3)
where ξt = ∂t is the Killing field representing the stationarity
of the Kerr geometry and ξφ = ∂φ is the rotational Killing field.
Thus E, is interpreted as the total energy of timelike test particle
2We adopt the geometrical units c = 1 = G and the (−,+,+,+) signature,
Greek indices run in {0, 1, 2, 3}. The four-velocity satisfy uaua = −1. The radius
r has unit of mass [M], and the angular momentum units of [M]2, the velocities
[ut] = [ur] = 1 and [uϕ] = [uθ] = [M]−1 with [uϕ/ut] = [M]−1 and [uϕ/ut] =
[M]. For the seek of convenience, we always consider the dimensionless energy
and effective potential [Ve f f ] = 1 and an angular momentum per unit of mass
[L]/[M] = [M].
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coming from radial infinity, as measured by a static observer at
infinity, while L is the axial component of the angular momen-
tum of the particle. Line element (1) is also invariant under the
application of any two different transformations: xα → −xα
for one of the coordinates (t, φ), or the metric parameter a, and
therefore the test particle dynamics is invariant under the mu-
tual transformation of the parameters (a, L) → (−a,−L). This
makes possible to limit the analysis of the test particle circular
motion to the case of positive values of a for corotating (L > 0)
and counterrotating (L < 0) orbits with respect to the black
hole.
To start of exploration of the accretion sequences we consider
a one-species particle perfect fluid (simple fluid), described by
the energy momentum tensor
Tαβ = (% + p)uαuβ + pgαβ, (4)
where % and p are the total energy density and pressure, respec-
tively, as measured by an observer moving with the fluid whose
four-velocity uα is a timelike flow vector field. Then set up the
problem symmetries, assuming to be ∂tQ = 0 and ∂ϕQ = 0,
for a generic tensor Q. Consequently the fluid dynamics is de-
scribed by the continuity equation and the Euler equation as
follows
uα∇α% + (p + %)∇αuα = 0,
(p + %)uα∇αuγ + hβγ∇βp = 0,
(5)
where hαβ = gαβ + uαuβ and ∇αgβγ = 0 (Pugliese&Montani,
2015; Pugliese et al., 2012), moreover we assume fluid toroidal
configurations centered on the plane θ = pi/2, and defined by the
constraint ur = 0, with a barotropic equation of state p = p(%).
No motion is assumed also in the θ angular direction (uθ = 0).
The continuity equation is identically satisfied as consequence
of these conditions and the Euler equation in (5) reads
∂µp
% + p
= −∂µW + Ω∂µ`1 −Ω` , W ≡ lnVe f f (`) (6)
where Ve f f (`) = ut = ±
√
g2φt − gttgφφ
gφφ + 2`gφt + `2gtt
and ` =
L
E
. (7)
The function W in Eq. (6) is Paczynski-Wiita (P-W) potential,
Ω is the relativistic angular frequency of the fluid relative to
the distant observer, and Ve f f (`) provides an effective potential
for the fluid, assumed here to be characterized by a conserved
and constant specific angular momentum ` (see also Lei et al.
(2008); Abramowicz (2008)).
Similarly to the case of the test particle dynamics, the func-
tion Ve f f (`) in Eq. (6) is invariant under the mutual transforma-
tion of the parameters (a, `) → (−a,−`), therefore we can limit
the analysis to positive values of a > 0, for corotating (` > 0)
and counterrotating (` < 0) fluids and we adopt the notation (±)
for counterrotating or corotating matter respectively. Therefore,
the accretion tori corotate (−) or counterrotate (+) with respect
to the Kerr BH, for `∓a ≷ 0 respectively. As a consequence
of this, considering the case of two orbiting tori, (i) and (o)
respectively, we need to introduce the concept of `corotating
tori, `i`o > 0 (es: Figs 1)-Third panel, and `counterrotating
tori, `i`o < 0–see Figs 1-Bottom-panel. The tori can be both
corotating, `a > 0, or counterrotating, `a < 0, with respect
to the central Kerr attractor fPugliese&Stuchlík (2015). The
configurations are regulated by the balance of the hydrostatic
and centrifugal factors due to the fluid rotation and by the cur-
vature effects of the Kerr background, encoded in the effec-
tive potential function Ve f f . The set of these configurations
(macro-configurations) is studied as ringed accretion disks in
Pugliese&Stuchlík (2015, 2016a). Examples of integrations for
these configurations are shown in Figs 1 (see also Fig. 3).
The procedure adopted in the present article borrows from
the Boyer theory on the equipressure surfaces applied to a torus
(Boyer, 1965), where the Boyer surfaces are given by the sur-
faces of constant pressure or3 Σi =constant for i ∈ (p, %, `,Ω)
(Boyer, 1965; Frank et al., 2002), where the angular frequency
is indeed Ω = Ω(`) and Σi = Σ j for i, j ∈ (p, %, `,Ω). Many fea-
tures of the tori dynamics and morphology like their thickness,
their stretching in the equatorial plane, and the location of the
tori are predominantly determined by the geometric properties
of spacetime via the effective potential Ve f f . The boundary of
any stationary, barotropic, perfect fluid body is determined by
an equipotential surface, i.e., the surface of constant pressure
that is orthogonal to the gradient of the effective potential. The
toroidal surfaces are the equipotential surfaces of the effective
potential Ve f f (`), considered as function of r and θ, solutions
ln(Ve f f ) = c = constant or Ve f f = K =constant. The cou-
ple of parameters (`,K) uniquely identifies each Boyer surface.
According to Eq. (6), the maximum of the hydrostatic pressure
corresponds to the minimum rmin of the effective potential Ve f f ,
and it is the torus center rcent. The fluids instability points are lo-
cated at the minima of the pressure and therefore maxima rMax
of Ve f f . Equation ∂rVe f f = 0 can be solved for the specific
angular momentum of the fluid `(r)–Fig. 2-bottom. This curve
provides information about the center of the torus rcent and pos-
sible critical points rMax, while we can calculate the values of
the curve K as Kcrit = Ve f f (`(r)) specifying the solution topol-
ogy. These solutions, if they exist, represent non equilibrium
configurations which may be closed Cx, for an accreting torus
with accretion point rx, or open Ox which are associated to
some “proto-jet” matter configurations4, with critical point rJ
(see Fig. 3 and also Pugliese&Stuchlík (2016a)). In general we
use the notation () and ()x to indicate any equilibrium or critical
configuration without any further specification of its topology.
Finally C stands for a closed equilibrium configuration whose
(stress) inner and outer edges are rin and rout respectively. Then
there is rin ∈ ∆rcrit, where ∆rcrit ≡ [rMax, rmin] and rout > rmin.
3More generally ΣQ is the surface Q =constant for any quantity or set of
quantities Q.
4 The role of “proto-jet” configurations, which in fact correspond to limiting
topologies for the closed or closed cusped solutions associated with equilibrium
or accretion, is still under investigation. More generally, in this model the open
surfaces have been always associated with the jet emission along the attractor
symmetry axis–see for a general discussion (Kozlowski et al., 1978; Abramow-
icz et al., 1978; Sadowski et al., 2016; Lasota et. al., 2016; Lyutikov, 2009;
Madau, 1988; Sikora, 1981; Stuchlik et al., 2000).
4
The range λi = riout − riin is the elongation on the equatorial
plane of a C disk and, in a tori couple, λ¯ = roin − riout is the spac-
ing between the outer Co and inner Ci torus of the couple. For
colliding tori there is λ¯ = 0.
Tori are strongly constrained by the Kerr geometry geodesic
structure5: this comprises the notable radii r±N = {r±γ , r±mbo, r±mso}
made by the marginally stable circular orbit, r±mso, the
marginally bounded circular orbit, r±mbo and the marginal circu-
lar orbit (photon orbit) r±γ -Fig. 4-Upper– (Pugliese et al., 2011,
2013).
It is simple to see that, consistently with most of the axi-
symmetric accretion tori models, the (stress) inner edge rin of
the accreting torus is at rx ∈]rmbo, rmso], while the torus outer
Roche lobe is centered at rcent > rmso (Krolik&Hawley, 2002;
Bromley et al., 1998; Abramowicz et al., 2010; Agol&Krolik,
2000). From now on given r•, we adopt the notation for any
function Q(r) : Q• ≡ Q(r•), thus for example `+mso ≡ `+(r+mso).
These radii stand as one of the main effects of the presence
of strong curvature of the background geometry. In fact, let
indexes i ∈ {1, 2, 3} refer to the following ranges of angular
momentum ` ∈ Li. We find that 1. for fluid specific angu-
lar momentum ` in ∓L1± ≡ [∓`±mso,∓`±mbo[, topologies (C1,Cx)
are possible, with accretion point in r±x ∈]r±mbo, r±mso]. 2. For∓L2± ≡ [∓`±mbo,∓`±γ [, topologies (C2,Ox) are possible, with
unstable point r±J ∈]r±γ , r±mbo]. 3. For ∓L3± ≡ ` ≥ ∓`±γ , only
equilibrium torus C3 exists–see Fig. 5. The toroidal surfaces
are characterized by K± ∈ [K±min,K±Max[⊂]K±mso, 1[≡ K0. Other-
wise, there can be funnels of material, associated to matter jets,
along an open configuration O±x with K±Max ≥ 1 (K1±).
Constraints in this model are provided by the conditions of
no-penetration of matter (λ¯ , 0-absence of collision) and by
the geometric constraint for the equilibrium configurations de-
termined by the geometric properties of the Kerr background
reflected by the geodesic structure. We distinguish four types
of unstable couples of orbiting configurations (states of the
macro-configurations): the proto-jet-proto-jet (J-J) systems,
corresponding to couples of open cusped surfaces, the proto-
jet-accretion (J-A) systems, where the proto-jet can follow or
precede the accretion point, and finally the accretion-accretion
(A-A) systems, where matter can accrete onto the attractor from
several instability points. Finally we consider also the case
of the proto-jet-equilibrium (J-C) systems, and the accretion-
equilibrium (A-C) systems. We prove that states depend on the
dimensionless spin of the attractor, the relative rotation of the
tori with respect to the attractor, the relative rotation of the flu-
ids in the tori, strongly differentiating between `corotating and
`counterrotating fluids. After studying five fundamental states,
we shall consider the possible combination of these states, reor-
ganizing the investigations for ringed disks consisting of more
than two rings, i.e. with configuration of order greater then two.
An interesting task of this investigation is the search for a pos-
sible proto-jet-accretion correlation in the states of the ringed
5It is worth specifying that this strong dependence of the model on the ge-
ometric properties of spacetime induced by the central attractor enables us to
apply to a certain extent the results found here to different models of accretion
disks (Abramowicz&Fragile, 2013).
Figure 1: Density plots. Upper-first panel: C−x < C+x < C− configurations;
Upper-second panel: C+x < C
+ < C− configurations. Third panel: colliding
corotating tori C−x < C−, Bottom panel: couple C+x < C−. (x, y) are Cartesian
coordinates.
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Figure 2: Spacetime spin a = 0.75M. The outer horizon is at r+ = 1.66144M.
Curves of the fluid specific angular momentum ±`∓ (upper panel) and K±crit =
Ve f f (`±) of critical points of the effective potentials at different angular mo-
menta (bottom panel) as functions of r/M. r±M the maximum points of deriva-
tive ∂r(∓`±) respectively. Corotating case (−), black curves, and counterrotat-
ing case (+), gray curves, are shown. Minimum of the curves, signed by points,
set the vales of the functions (`(r),Kcrit(r)) valuated at marginally stable orbits
r±mso: toroidal configurations associated with critical points of the pressure are
possible only for ∓`± ≥ ∓`±mso and K± ≥ K±mso respectively.
disks. Thus, we introduce the concept of geometrical correla-
tion between two configurations of a state, when the two sur-
faces may be in contact, in accordance with the constraints of
the system. When a contact between two configurations occurs,
feeding or collision phenomena happen, leading eventually to a
topological transition of the ring state and, in the end, of the
entire macro-configuration. Consequentially we face the prob-
lem of the state evolution: an initial couple of configurations
(starting state) could evolve towards a transition of the surface
topologies following an evolutive line from the initial state. We
show that in some cases equilibrium configurations can only
lead to proto-jet configurations and not to the accretion.
In the following, we will use also the symbols ≶; we in-
tend the ordered sequence of maximum points of the pressure,
or rmin = rcent, minimum of the effective potential which cor-
responds to the configuration center. Therefore, in relation to
a couple of rings, the terms “internal” (inner-i) or “external”
(outer-o), will always refer, unless otherwise specified, to the
Figure 3: Upper panel: Pictorial representation of a ringed accretion disk with
open Ox surfaces. Bottom panel: Spacetime spin a = 0.75M, `corotating se-
quences, `i` j > 0, of counterrotating open configurations J+ − J+ `ia < 0
∀i j. Decomposition including open-crossed sub-configurations (γ-surface)
Oγx , open cusped with angular momentum `γ. The outer horizon is at r+ =
1.66144M, black region is r < r+, gray region is r < r+ , where r
+
 is the static
limit, and r+γ is the photon orbit on Σpi/2. For O
O+
x there is `o = −5.62551 and
Ko = 1.28775, for O
i+
x there is `i = −4.66487 and Ki = 1.00272. The open
surfaces Oi+l and O
O+
l are limiting solutions without critical points.
sequence ordered according to the center location. rcent; then
with symbols  and ≺, we refer to the sequentiality according
to the location of the minimum points of the pressure, or rMax,
maximum point of the effective potential r−x < r+x .
We organize our analysis dividing discussion in the sec-
tion (3) for the `corotating sequences and Section (4) for the
`counterrotating sequences. For easy of reference we listed in
Table (1) major Kerr BH spin values defined during this anal-
ysis. In Appendix A we provide proof of the some assertions
used in Secs (3) and (4), and a more general discussion of some
results. We study inclusions 6 of the notable radii r±N ∈ ()± and
r±N ∈ ()∓. This analysis sets location of the disk inner edge
with respect to the geodesic structure rN , according to the fluid
specific angular momentum.
3. `corotating sequences
We consider the case of `corotating sequences focusing first
on a couple of `corotating configurations and then extending
6r• ∈ () means the inclusion of a radius r• in the configuration () (location
of () with respect to r•) according to some conditions; < is non inclusion; in
general ./! intensifier a reinforcement of a relation ./, indicating that this is a
necessary relation which is always satisfied.
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Table 1: Major Kerr BH spin values defined during the analysis. Details on the relevance of the 21 selected values of the BH spins can be found in the text.
aℵ2 ≡ 0.172564M : −`+mso = `−mbo a∗o = 0.201697M : `−mso = `−(r+mbo) aι ≡ 0.3137M : r−mbo = r+γ
aιa ≡ 0.372583M : r−mso = r+mbo aℵ1 = 0.382542M ∈]aιa , aℵa [: `−γ = −`+(r−mso) aℵ0 ≡ 0.390781M : `−γ = −`+mbo
a˘∗ ≡ 0.401642M : ˘`∗ = `−γ a˜ℵ ≈ 0.461854M : `−(r+mso) = `−mbo aℵ ≈ 0.5089M : −`+mso = `−γ
a∗ι = 0.618034M : ˘`+ = ˘`−2+ a
β
γ− ≡ 0.628201M : `−β = `−γ a−γ+ ≡ 0.638285M : r+γ = r−mso
a1 ≈ 0.707107M : r−γ = r+ ao = 0.728163M ∈]a1, a˘ℵ[: `−mbo = `−(r+mbo) a˘ℵ = 0.73688M : `−(r+mso) = `−γ
aΓγ− ≡ 0.777271M : `−Γ = `−γ a−b ≈ 0.828427M : r−mbo = r+ aγo = 0.867744M ∈]a−b , a−M[: `−γ = `−(r+mbo)
a−M ≡ 0.934313M : `−γ = `−M a2 ≈ 0.942809M : r−mso = r+ a˘ ≡ 0.969174M : ˘`− = r−γ
Figure 4: Upper panel: the notable radii r±N = {r±γ , r±mbo, r±mso}, for the corotat-
ing (−) and counterrotating (+) orbits. Radii r±γ are the photon orbits, r±mbo the
marginally bounded orbits and r±mso the marginally stable orbit. Black region is
r < r+, r+ being the outer horizon. Bottom panel: specific angular momentum
for counterrotating `+ < 0 orbits on the marginally bounded orbit −`+mbo and
the curves − ˘`−2+ , as evaluated in r−mso. There is ˘`−2+ : Ve f f (`+2 , r−mso) = 1 where
−`+2 ∈] − `+mbo,− ˘`+2 [. The specific angular momentum ˘`+ : Ve f f ( ˘`+, r+mso) = 1.
our investigation to the multiple configurations of the decom-
position of order n > 2. Figure 1-third panel shows a col-
liding couple of corotating configurations, and Fig. 1-second
panel shows an inner couple of counterrotating tori in a three
tori configuration, the inner rings are in accretion.
Figure 5: Specific angular momentum for corotating `− > 0 and counterrotating
−`+ > 0 orbits on the notable radii r±N = {r±γ , r±mbo, r±mso}, for the corotating
(−) and counterrotating (+) orbits. Where r±γ are the photon orbits, r±mbo the
marginally bounded orbits and r±mso the marginally stable orbit. Spins are shown
where a cross occurs.
We point out that
if ()i < ()o, where `i`o > 0, (8)
then ()i  ()o, where () ∈ {C,Cx,Ox},
see Fig. 2. For the ordered sequences of surface, with the no-
tation < or >, we intend the ordered sequence of maximum
points of the pressure or rmin, minimum of the effective po-
tential and the disk centers for the closed sub-configurations
(Pugliese&Stuchlík, 2015). In relation to a couple of rings, the
terms “internal” (equivalently inner) or “external” (equivalently
outer), will always refer, unless otherwise specified, to the se-
quence ordered according to the location of the centers. Then,
if Ci < C j for i < j, Ci is the inner ring, closest to attractor,
with respect to C j, and there is ricent ≡ rimin < r jmin ≡ r jcent.
Within these definitions, the rings (Ci,Ci+1) and (Ci−1,Ci) are
consecutive as Ci−1 < Ci < Ci+1 (Pugliese&Stuchlík, 2015).
The symbols  and ≺ refer instead to the sequentiality between
the ordered location of the minimum points of the pressure, or
rMax, maximum point of the effective potential, if they exist,
which are the instability points of accretion, rx = rMax for Cx
topologies, or of launching of proto-jets, rMax = rJ for the open
cusped topologies (proto-jets). Where, due to definition, it is
always rimin < r
o
min. For an `corotating sequence, this defini-
tion implies also riMax > r
o
Max, therefore, for the `corotating
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sequences it is always ()i < ()o and ()i  ()o.
The third inequality in Eq. (8) makes sense when the poten-
tial function has a maximum point, that is for `i and `o in L1
or L2. The nearest to the source is the open surface launching
point rMax = rJ or the accretion point rMax = rx, and largest
is the magnitude of the fluid specific angular momentum. The
largest is the radius of the maximum pressure point and more
stretched on the equatorial plane is the configuration, regardless
of its topology.
In what follows we will specify relation (8) in different cases,
fixing the topology of the couple ()i − ()o: in Sec. (3.1) we shall
consider the couple of open configurations (J±−J±). The couple
(A − J), formed by a configuration in accretion and an open
configuration in Ox topology, are studied in Sec. (3.2) for the
case where the opened cusped topology is the outer one of the
pair. In Sec. (3.3), the case in which the inner configuration
of the couple has open topology is investigated. Section (3.4)
describes the couple formed by a disk in equilibrium and an
open outer surface (according to the location of minima of the
effective potential). Section (3.5) concentrates on the couple
where the open surface is the inner one. Some remarks on the
couples (C − A) are addressed in Sec. (3.6), closing this section.
This section covers the `corotating sequences of rings. We
shall always intend the relations between magnitudes of the spe-
cific angular momentum, if not otherwise specified.
3.1. The `corotating proto-jet-proto-jet (J-J) systems
In this section we consider a couple of `corotating open
cusped configurations with P-W instability points (roMax, r
i
Max)
where
Oix < O
o
x implies O
i
x  Oox , |`i| < |`o|, ` ∈ L2,
rJ ∈]rγ, rb], Ki ∈]1,Ko[, (9)
for the state of the `corotating couple O±x − O±x . Here we deter-
mine the evolutive lines for different black hole attractors.
In the sequences of open configurations, we will mainly deal
with the critical points. It will be then convenient to intro-
duce the criticality indices iˆ, univocally associated to the couple
(riMax, `i), where i is as usual the configuration index univocally
associated to (rimin, `i)
7. As relation (8) stands, we can con-
sider iˆ(i) as a decreasing function of the configuration index i or
∂i iˆ(i) < 0. In other words, Eq. (9) can be written in the critical-
ity indexes as Oix  Oox and Ooˆx  Oiˆx as |`i| = |`oˆ| < |`o| = |`iˆ|.
The function iˆ(i) has inverse in a restriction of the variation do-
main of the configuration index. In fact, the configuration index
set is far more vast of the set of the criticality indexes contain-
ing, for example, the surfaces with momentum in L3. However
we might say that the function iˆ(i) could be inverted in L1 and
L2, taking into account that the disk does not include necessar-
ily the critical points when K < KMax (in other words, the rank
rx ∈ [0, n]).
7It is intended that no confusion will arise by a possible overlap of two
`counterrotating configurations.
In principle, there is an infinite number of `corotating
critical open funnels, i.e. nMaxJ = ∞. As mentioned in
Pugliese&Stuchlík (2015), we can introduce definition of con-
figuration density δn, i.e., the density of maximum points of
pressure in a fixed orbital range ∆r, δn ≡ n|∆r /∆r. The configu-
ration density naturally depends on the specific angular momen-
tum parameter and particularly on the matrix of displacements,
here considered at constant step κ8. The density is generally a
decreasing function of the step |κ| > 0. Similarly, we can in-
troduce a criticality density δnMax as the density of P-W points.
Specifically we now consider the density δnJ as the density of
P-W launching points of proto-jets in ∆rJ . In the particular case
of `corotating matter, the following relations hold:
∂δQδn < 0, ∂δQδnJ < 0 with δQ ∈ {δ|`|, δK},
∂δQ∆r
i,o
J > 0 ∆r
i,o
J ≡ riJ − roJ > 0, (10)
where δK and δ|`| give the magnitude of the difference of the
K parameter and the specific angular momentum |`| of the
`corotating rings, and ∆ri,oJ is the distance between the two
launching points–see Fig. 3 (δ|`| is constant displacement |κ|
in accordance with Pugliese&Stuchlík (2015)). Here and in the
following, by ∂BQ > 0 we mean the quantity Q increases as the
quantity B increases and viceversa.
The increase of the criticality (configuration) density corre-
sponds to an increase, at fixed orbital range, of the Ox config-
urations number in the `corotating sequence. This corresponds
to an increase in the magnitude of the specific angular momen-
tum as the launch point rJ is closer to the surface O
γ±
x , cusped
surface with angular momentum `±γ–Fig. 3: additional specific
angular momentum is required to the orbiting matter for the for-
mation of a new `corotating launching point of proto-jets, inner
with respect to the first O1ˆx of the {Oiˆx}iˆ sequence, increasing
thus inwardly the criticality density δnJ , while approaching the
threshold O`x = O
γ
x . In other words, the fluid specific angular
momentum magnitude decreases outwardly in the decomposi-
tion.
However, the specific angular momentum that has to be pro-
vided for a shift of the critical point inwardly, is not constant
with the dimensionless spin of the black hole. It is strongly di-
versified for the two `counterrotating sequences, and does not
in general grow regularly with the configuration index (or de-
creases with the criticality index) (Pugliese&Stuchlík, 2015).
In fact, there exists a maximum value with respect to config-
uration index (or equivalently with respect to the radius) for
configurations with center of maximum hydrostatic pressure in
r±M > r
±
mso, and specific angular momentum `
±
M > `
±
mbo respec-
tively.
In terms of the criticality indices iˆ, one has ∂iˆ` < 0, with
∂2
iˆ
` = 0 for a configuration with specific angular momen-
tum magnitude `M > `mbo and centered in rM. Indeed, since
r±M > r
±
mso, the radii r
±
M can be minimum points of the effec-
tive potential, but not maximum points. Then `M is a minimum
8For example, by adopting the antisymmetric displacement matrix [i,i+κ] =
κ (with  =constant and step of the decomposition κ ≥ 1), introduced in
Pugliese&Stuchlík (2015).
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(maximum) value for the function ∂iˆ`iˆ (∂i`i = ∂i iˆ∂iˆ`iˆ).
The two `counterrotating sequences of `corotating open con-
figurations with specific angular momenta `±M, have generally
different topologies associated with their critical phase. Indeed,
for the counterrotating fluids in the geometries a ∈]0,M], we
have −`M ∈] − `+mbo,−`+γ [≡ L2+; therefore, the critical configu-
rations with ` = `+M always correspond to the proto-jets O
+
x .
Conversely, this is not always the case for the corotating
fluids where, at higher spin of the attractor, i.e., a ≥ a−M ≡
0.934313M, there is `−M ∈ L3− when there are no critical
topologies. Whereas in the geometries with a ∈ [0, a−M[, we
have `−M ∈ L2−, and only critical configurations O−x are possi-
ble. Moreover, this also means that the supplying specific an-
gular momentum to be provided for a further inner launch point
of proto-jet (according to the criticality index iˆ), decreases con-
stantly with the criticality index (or constantly increases with
the configuration index) in the geometries of the faster attrac-
tors9, as in those spacetimes, there is no minimum of ∂iˆ`
− in
L2−. One can conclude that the specific angular momentum to
be supplied in the disk for an inner (corotating) proto-jet launch
point grows uniformly with the radius (and uniformly with the
configuration index)- ∂2i `J > 0 for very fast attractors. But
the surplus of specific angular momentum needed to locate the
proto-jets in the inner regions (moving the center outwardly) in-
creases more and more slowly in the far away regions10, where
the Newtonian limit could be considered and, as asymptotically
limr→∞ `′ = 0 with limr→∞ `± = ±∞, the quantity δ`i+ j,i is ap-
proximately constant with the radius.
The existence of the couple (rM, `M) is a relativistic effect,
also present in the static case a = 0, but for a rotating attractor
this is strongly differentiated from an albeit minimal intrinsic
rotation of the gravitational source. In the static limit, there
exists a maximum of ∂r` for rM = (6 + 4
√
3)M, the spread be-
tween the two `counterrotating cases appears only when a , 0,
and becomes obviously more and more pronounced with in-
creasing spin of the attractor. In general, however, the increase
of specific angular momentum decreases with increasing of r
and R = r/a where, at the limit of very large R, there is no dis-
tinction between the two `corotating sequences. This is there-
fore a feature of the toroidal rotating fluids strongly affected by
the dragging of the spacetime. Indeed, the difference ∂r(`++`−)
goes to zero as a = 0 and r goes to infinity 11. In terms of the
configuration and criticality density we have:
1. ∂r δn(r)|δ¯` ≷ 0 for r ≶ rM and (11)
2. ∂r δnJ(r)|δ¯` ≶ 0 for r ≶ r¯M.
The first relation of Eq. (11) is always verified for all specific
angular momentum ranges Li, whereas the second of Eq. (11)
makes sense only for ` ∈ {L1,L2}.
For these specific angular momenta we can consider the radii
to be r¯M ≡ rMax(`M) the critical radii associated with the spe-
9For fast (slow) attractors we intend Kerr attractors with high (small) values
of the dimensionless spin with respect to some reference values of a/M, fixed
considering the geodesic spacetime structure.
10In r  rM(a)(i  iM), as discussed in Pugliese&Stuchlík (2015).
11However, for a/M ≈ 0, it is ≈ 2(a/M)(3r/M − 2)/(r/M − 2)3.
cific angular momentum `M, coupled with the center rM. The
plot of r¯M as function of a/M, will be analogue to the plot of
rM as function of a/M, but rotated along an axis parallel to
r =constant and located in the orbital range according to `M in
the ranges Li 12.
Similarly to the case of the equilibrium ringed disks, we can
explain the significance of the presence of the rM points and of
Eq. (11) in terms of density of critical points. Assuming that in-
crease of the specific angular momentum in magnitude within
the macro-configuration is adjusted for constant displacement
(κ constant), and ∂i iˆ < 0 (we mean to say that one quantity de-
creases where the other increases, repositioning the labels such
that i → oˆ and viceversa o → iˆ), one has [iˆ jˆ] = −i j =  ji and
iˆ+κˆ,iˆ = κˆ > 0. We note that the configuration density, directly
related to κ, is maximal at rM. Let r¯M = rJ < rM = rcent be
the (proto-jet) instability point associated with rM. This point
is always present in the counterrotating case and for corotating
fluids orbiting attractors with a < a−M. The couple of critical
points (r¯M, rM) is an intrinsic property of the specific geometry
and it is function of a/M only, as such it is unique for each at-
tractor. It follows that the disk centers are more spaced in the
region r > rM (lower density of the index configuration), and
viceversa at r < rM; the rings are closer together as they ap-
proach rM. In a neighborhood of rM, the configuration density
δn|κ ≈ δnM is highest– Fig. 2. Similarly, rewriting all in terms
of the criticality density δnJ , we would say that, under the con-
ditions given by the displacement matrix with step κ constant13,
as the launching points are more spaced (lower criticality den-
sity) in ]rγ, r¯M[, and decreasing as they move towards the inner
Oγx surface at r < r¯M. At rJ > r¯M, the launching points are
getting closer, as they approach r¯M from the outer regions, or
rJ ∈]r¯M, rmbo[. It follows that, in a neighborhood of r¯M, the
corresponding criticality density δnJ |κ ≈ δnM is minimal.
This means that, in a ringed model where the specific angular
momentum varies (almost) monotonically with a constant step
κ, two remarkable points in the distribution of matter appear:
the rM, where the density of stable configurations (or density of
the maximum hydrostatic pressure) reaches maximum, and the
corresponding point r¯M where the density of proto-jet launch
shall be at minimum. We recall that (rM, r¯M), are uniquely fixed
by the attractor geometry and the sense of the fluid rotation with
respect to the geometry. Therefore, it would be possible to de-
duce both the spin of the attractor and the sign of rotation of
the fluid relative to this from the knowledge of one of the points
of (rM, r¯M) and the surfaces with specific angular momentum
` ∈ {`γ, `mbo, `mso}.
For very fast attractors with a > a−M = 0.934313M, there is
`−M = `
−
γ , and no maximum of density of the corotating fluid in
open topologies exists; then, in the conditions provided by the
assumption of κ constant, the set of critical points constantly
increases approaching the critical γ-surface configuration (with
specific angular momentum ` ∈ {`γ, `mso, `mbo}). We specify
that the assumption of constant step κ has been here adopted as
12The couple (rM, r¯M)) corresponds to the couple of indices (i, iˆ).
13It is indeed immediate to argue the relation in the assumptions κ = constant
and  =constant.
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the most elementary and illustrative example of displacement
matrix, the extension of these considerations to a general dis-
placement law, with a generic i j matrix, could be developed in
a rather straightforward manner.
All the considerations involving very fast attractors for coro-
tating fluids can be interpreted as an indication of the role
played by the intrinsic rotation of the attractor in the formation
of the corotating proto-jets. In this respect, it is worth noting
that the following relations hold
Q+M > Q
−
M, ∆r
±
J < ∆r
±
x , δr
±
J < δr
±
x , δ`
±
J > δ`
±
x ,
δ`−s < δ`
+
s , s ∈ {J, x}, QM ∈ {r±M,∓`±M,K±M}, a∗ ≡ a/M
∂a∗δQ
±
s ≷ 0, δQ± ∈ {δr±, δ`±}, ∂a∗Q±M ≷ 0. (12)
Relations (12) highlight various properties of the
`counterrotating sequences and the role of the black hole
spin in the formation of the decompositions.
However, before moving to the analysis of the two isolated
subsequences14, we need to clarify the role of the two orbits r¯±M.
Considering Eq. (12), we have Q+M > Q
−
M that means a greater
specific angular momentum and K-parameter is required for the
matter in stable orbit to reach a maximum pressure point, see
also Pugliese&Stuchlík (2015). In general, there is r+min > r
−
min.
Then for `± ∈ L2±, the solution ∓∂r`± = 0 has only one max-
imum point, i.e., r¯M is not a solution of ∓∂r`± = 0, but every
critical point of maximum is associated to a minimum, and in
this sense we consider r¯M to be a minimum point as associated
to the critical point rM.
More generally, without restricting the analysis to the `± ∈
L2± case, if r−min < r
+
min, then necessarily `
− < −`+, but the
relation between the maximum points has still to be established.
However, if `− ∈]`−mso,−`+[, then it can be either r−min < r+min or
r−min ∈]r+min, r¯−[ where r¯− : `−(r¯−) = −`+.
If `− > −`+ > `+mso, then necessarily r−Max < r+Max < r+mso <
r+min < r
−
min. But if `
− < −`+, then neither the maximum or the
minima are fixed and it can be either C− < C+ or C+ < C− for
each r−Max < r
+
Max or r
+
Max < r
−
Max.
To summarize, considering also Fig. 2: if r+min > r
−
min,
then −`+ > `−. But it is simple to see that we can obtain
r+Max > r
−
Max or r
−
Max > r
+
Max. For example, the last case oc-
curs for r−min being very close to r
−
mso and a great separation in
(`+ + `−). Thus if r−min ∈ [r−mso, r+min] and `− ∈]`−mso, `−(r+min)[, if
r−Max : `
−
mso < `
− < `−(r+min) there is ∂r+minr
−
Max > 0, see also
Pugliese&Stuchlík (2015); Pugliese&Montani (2015). How-
ever, this would make sense for matter orbiting around suffi-
ciently slow attractors A<ι ≡ [0, aι[, where aι ≡ 0.3137M.
In other words, knowing the relation between the points
of maximum pressure, we could ignore the sequentiality ac-
cording to the minimum points of pressure. This information
is indeed important to determine the relative position of the
14The definition of isolated and mixed subsequences were introduced in
Pugliese&Stuchlík (2015), here we remind that `counterrotating sub-sequences
of a decomposition of the order n = n+ +n−, are isolated
︷︸︸︷
Cs if Cn− < C1+ or
Cn+ < C1− and mixed
︷︸︸︷
Cm if ∃ i+ ∈ [1+, n+] : C1− < Ci+ < Cn− or viceversa
∃ i− ∈ [1−, n−] : C1+ < Ci− < Cn+ .
two `corotating sequences also in the case of consecutive se-
quences. Part of these considerations will be resumed in Ap-
pendix A.
For attractors with higher spins, at r > rM, for the corotating
sub-configurations the Newtonian limit is reached in regions
closer to the source, and with lower specific angular momenta
magnitude with respect to the counterrotating ones. This is in
agreement with the fact that the spacetime spin clearly distin-
guishes the two types of fluids, where the relativistic effects
are essentially determined by the rotation of the Kerr attractor.
In the first place, as discussed above, the radius correspond-
ing to the minimum critical density δnJ is, for corotating fluids,
always closer to the source than for the counterrotating proto-
jets. For corotating matter, this point approaches the source as
the attractor spin increases, and the specific angular momen-
tum required for the launch of a corotating proto-jet decreases
with this. With increasing black hole spin, the magnitude of the
specific angular momentum required for a corotating proto-jet
decreases and is decreasing in relation to those corresponding
to the counterrotating case.
The situation is indeed just the opposite for the O+x surfaces
where, with increase of the black hole spin, the point of min-
imum proto-jet density moves outwards, confining these con-
figurations in regions more and more distant from the source,
and requiring also increasing magnitude of the specific angular
momentum. It is then possible to prove that the KM-parameter,
associated to the momenta `M, shows an analogue behavior.
This would suggest that the black hole spin distinguishes the
two types of matter, by favoring the formation of corotating
proto-jets with respect to the counterrotating ones.
In order to fully characterize the role of the dragging effects
with respect to the (J...J) `corotating sequences, it is important
to analyze the ranges of the variation for the parameters of the
proto-jet configurations. Higher specific angular momentum in
magnitude is required to set the matter in open funnels than for
the accretion. In any Kerr geometry, the orbital region where
the open funnels Ox are possible is the closest to the attractor,
being inner with respect to the accretion regions (at L1 < L2)
and in general it is smaller: the orbital range allowed for an ac-
cretion point is larger then that where the proto-jet launch (rJ)
can be formed. The extension of the specific angular momen-
tum range possible for the accretion, i.e. the measure of L1, is
less then the measure of the L2 range for the jets. These prop-
erties are important in the characterization of the critical points
sequences, and the determination of the criticality density: we
could conclude that the accretion phases are favored with re-
spect to the instable proto-jets.
We could suppose that the proto-jet of open funnels arises
at the final stage of the formation of an accretion disk which
increases its elongation, approaching the source, or the Ox sur-
face could also arise being non–correlated in any way by the
accretion phase. In the model we are considering, this can be
achieved keeping ` ∈ L2 fixed for a disk C2, or fixed in the
range L2, with increasing K (growing up of the density due, for
example, to the interaction with the surrounding material, with
the consequent increase in the disk size and elongation), or de-
creasing the specific angular momentum from a starting config-
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uration C3 in L3, losing specific angular momentum (in magni-
tude) and then moving inwards. Finally, starting by a model in
L1, with topology C1 or C1x, an open critical surface could be
the consequence of an increase of specific angular momentum
magnitude (due feeding matter for example, or even for a direct
interaction with the source (Pugliese&Montani, 2015), as the
disk C1, or in the critical topology C1x, lies in the orbital region
closer to the source). A possible mechanism for the feeding
of matter and increasing momentum for the ()1 disks, with the
consequent shift of the critical point from ∆rx to ∆rJ < ∆rx,
could take place in these multiple ringed systems, for feeding
from external surface to ()1, for example in the Cn ringed disks.
The case of starting data in L1 is particularly interesting as
the proto-jet launch is related in a direct way to the accretion
phase. On the other side, from starting data in L2 or L3, the
emergence of the instability points rJ are not directly related
with the accretion, and then the chronological lines have differ-
ent evolutionary histories.
However it is worth to note that the configurations C1 could
evolve directly, without an accretion stage, towards an O2x topol-
ogy. A transition from C1 or C1x, requires an increase of the disk
specific angular momentum, shifted accordingly fromL1 toL2.
The disk surface will increase the elongation (but also the den-
sity) by the growing of the K-parameter for the shift from K0
to K1. It is therefore necessary, for the configurations in L1,
to provide a mechanism able to explain the growth of both the
angular momentum and the density. On the other hand, for a
starting equilibrium C3 disks, with angular momentum in L3,
an evolution towards the launch of an O2x proto-jet implies a
transition L3 to L2, therefore a loss of the specific angular mo-
mentum and increase in density (because K increases) and size.
This can occur due to for example to some feeding by embed-
ding material or also a further outer disk of the configuration.
For initial data in L2, only an increase of K from K0 to K1 is
required. From this the formation of O2x proto-jets would seem
to be favored starting from an equilibrium disk C2 or C3 and not
from an accretion phase of a C1x surface.
Further considerations concerning the “transitions” to the fi-
nal state of open funnels, are given in Appendix A where dif-
ferent aspects of the geometric correlation are addressed, ana-
lyzing the location of the inner and outer edges of the disks in
the geodesic structure. It is important to point out that these
considerations are not based on the analysis of the geometrical
correlations, but on the analysis of variation of the specific an-
gular momentum: the orbital region for the proto-jet is internal
with respect to orbital range of the accretion.
For corotating fluids orbiting the faster Kerr attractors, the
reduced range of possible specific angular momentum (and cor-
respondingly the orbital range) is associated in the RAD to
a reduced possibility of the multiple proto-jets formation, see
Eq. (11), implying clearly a smaller critical density δnJ , im-
plying also a reduced distance between two consecutive proto-
jets δrJ ∝ δ`J (close together according to a fraction δrJ/nJ ∝
δ`J/nJ), with a proportionality factor that can be easily as-
sessed, being in general a function of radius. Multiple co-
rotating proto-jets shall be then very close to the horizon, ap-
proaching this with increasing dimensionless spin of the attrac-
tor.
The `corotating sequences of corotating proto-jets would be
favored (and more spaced) in the case of low spin, due to the
greater extension of orbital range ∆rJ , and for the greater range
of the specific angular momentum L2−. As we shall see in
Sec. (4), in these geometries mixed `counterrotating sequences
of proto-jets are possible. Further analysis of the situation for
the fast Kerr attractors suggests that the accretion orbital re-
gions, greater in measure than the proto-jet regions in general,
tend to have the same extension as the proto-jets orbital regions.
Then, for the faster Kerr attractors, we could say that the prob-
ability that a slight change of specific angular momentum gen-
erates a transition between the two critical (`corotating) topolo-
gies (Ox,Cx) increases, inducing therefore a possible causal
correlation between proto-jet and accretion that would be thus
characteristic of the attractors with large spin. For fast attrac-
tors, the orbital distance ∆rJ is extremely small, and ∆rJ would
be negligible (however, in those situations the role of increasing
proper distance could be relevant). A special class of “fast” at-
tractors corresponds to the spins a > a−M. In these geometries,
where the dragging effects are significant, the critical density
δnJ , at the constant step κ, decreases uniformly in the outward
direction, but the orbital range is very narrow with the proto-jet
funnels very close and eventually indistinguishable.
We also note that in such spacetimes, this region is entirely
contained in the ergoregion Σ+ ; further details will be discussed
in Sec. (4) where we will compare the two `counterrotating se-
quences of proto-jets considering the influence of the dragging
effects.
This situation is totally reversed for the counterrotating case.
Following arguments similar to the corotating case, we would
say in general that the multiple surfaces of counterrotating
proto-jets appear in regions further away from the attractor with
respect to the sequence of corotating proto-jets.
For a ∈ A>ι ≡]aι,M], only isolated `counterrotating subse-
quences of proto-jets may exist, and the maximal distance be-
tween the two subsequences, assessed as the distance between
the outer open surface Ooˆ−x of the corotating inner sequence and
the first Oiˆ+x of the outer counterrotating one, increases with the
spin. Whereas in the geometries of sufficiently slow attractors
A<ι , mixed sequences are possible and they will be investigated
in Sec. (4.1) where the `counterrotating couples are addressed.
The geometric separation has some effects on the geometrical
and causal correlations between the two sequences. It should
be noted that, if the corotating proto-jets density increases for
the slow attractors, just the opposite holds for the counterrotat-
ing fluids. The counterrotating sequences are clearly favored
at large distances from the black hole, increasing the orbital
range ∆rJ and the range of the specific angular momentum ∆`J .
Then we should expect the multiple surfaces of counterrotating
proto-jets to be separated and spaced apart for a broad differen-
tial rotation with orbiting the faster attractors. The possibility
of a transition between (O+x ,C
+
x ) topologies is reduced then for
the counterrotating matter.
In the sequences of counterrotating proto-jets, a minimum
of the criticality density is always present, farther away from
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the source in comparison with the corotating fluids. Where the
differential rotation, as defined in Pugliese&Stuchlík (2015), is
approximately equally spaced in the macro-configuration, the
presence of a minimum density would be evident in the multiple
sequences of proto-jets, being more significant with decreasing
step κ of the sequence.
3.1.1. Final notes on the `corotating
proto-jets (J± − J±)
Considering the `counterrotating subsequences made up by
`corotating proto-jets, it is necessary to distinguish between
two types of attractors: one set including slow rotating black
holes, at A<ι , detailed in Sec. (4), where the two subsequences
can be mixed, and the fast attractors, for a ∈ A>ι , where the
`counterrotating subsequences must be separated. A possible
geometric correlation can occur inside each subsequence, or
also among the two subsequences. In this last case, we should
consider the confinement of the two separated subsequences in
the geometries A>ι , and particularly for Ooˆ
−
x ≺ Oiˆx. The min-
imum separation between the two sequences becomes signifi-
cant with the increase of the spin, until the minimum distance
has maximum value roˆ−J − riˆ+J ≈ 3M for very fast attractors with
a . M. Eventually, the states J-A and J-C, addressed in the
next sections, could be seen as precursors of the `corotating
J-J decompositions, induced by a P-W instability for the ini-
tial closed topology evolving towards the open cusped one, or
possibly for collision and then geometrical correlation. So far
we have considered in the study of the multiple open cusped
surfaces the only criterion of the density of critical points rJ .
Yet another aspect to be considered, is the collimation of the
Ox funnels along the rotation axis, which could be related to
the formation of a collimated proto-jet. The funnels of matter,
in the case of very fast attractors and corotating fluids, have an
opening angle relative to the axis of rotation that is smaller in
comparison with those related to the slower attractors, thus fa-
voring a stronger collimation along the axis. Then, according
to the motion of the test particles, a product `a > 0 is associated
to stabilizing effects for the rotating matter, being “ attractive”
with respect to the proto-jets, because for increasing a/M, or the
specific angular momentum ` > 0, the point r−J moves inwards.
The inverse occurs for the counterrotating case, `a < 0, which
would act “ repulsively”, in the sense of favoring the instability
of the orbiting matter, since for increasing a/M, but decreasing
magnitude of `+, the point r+J moves outwards.
3.2. Outer proto-jet: the `corotating proto-jet-accretion (A-J)
systems
We consider a couple of `corotating critical configurations,
formed by an open surface and an accreting configuration with
rJ < rx. We will refer to the scheme Ox − Cx, for a `corotating
couple. We have
Cix < O
o
x implies C
i
x  Oox |`i| < |`o| `o ∈ L2,
|`i| ∈ L1, Ki ∈ K0, Ko ∈ K1. (13)
We note that the conditions in (13) are always verified for the
`corotating couples. In terms of the criticality indices, we can
express Eq. (13) with Oiˆx ≺ Coˆx where `iˆ ∈ L2 and `oˆ ∈ L1.
In an evolutive interpretation, the Oox configuration could
model the final stage of a Cx disk and, as pointed out in
Sec. (3.1), the evolution towards an Ox surface from a C1x one
requires an increase of the specific angular momentum magni-
tude during the time. This could be the consequence, for ex-
ample, of feeding of the disk Cix ∈ Cnx in a ringed structure
Cnx, from a consecutive and outer ring of the decomposition
(Pugliese&Stuchlík, 2015).
A different situation for the critical couple in Eq. (13) could
occur when the two P-W instability points are very close, roˆx '
riˆJ , or even coincident. However, this last case can be possi-
ble only for an `counterrotating couple giving rise to a possible
geometrical and causal proto-jet-accretion correlation.
As specified before, in general a geometrical correlation in
the A± − J± couple could be favored when the distance be-
tween the specific angular momenta ranges is small, and then
a slight change of ` in one of the configuration could lead to
correlation or to a topological transition, for loss of specific an-
gular momentum with the formation of a C1x disk, or for in-
crease of |`|, with the formation of an O2x surface. However,
it should be noted that a small step κ, element of the displace-
ment matrix oi ' 0, always corresponds to a small difference
romin − rimin = fmin(oi) ' 0 and, for ` ∈ L1 or L2, it corre-
sponds also to the difference roMax − riMax = fMax(oi) / 0,
where ( fmin, fMax) are not independent functions of the step
κ (Pugliese&Stuchlík, 2015). This is not always true in the
`counterrotating case.
More specifically, according to Eq. (12), a correlation for
corotating fluids, A− − J−, is more likely to occur in the ge-
ometries of very fast attractors, where the ranges of possible
specific angular momentum, `sMax − `smin for s ∈ {J,K} (corre-
spondingly the differences `JMax − `xMax − (`Jmin − `xmin)), are very
small. Conversely, in the spacetimes of slower attractors, this
difference is highest. One could conclude that the topology of
the corotating orbiting matter is more stable for slow attractors,
at least for sufficiently low specific angular momentum (the sur-
face topology remains unaffected by sufficiently small change
in the specific angular momentum), where r−cent & r−mso.
If the disk center moves outward, then it is inevitable that also
for the slower attractors the C−x disk expands in the equatorial
plane (increasing elongation at almost constant difference K− −
K−min), and it eventually acquires a critical morphology, see also
Appendix A.
The situation is just the opposite for the counterrotating flu-
ids: the configurations orbiting the slower attractors are more
likely to give rise to a proto-jet-accretion correlation, while in
the geometries of faster attractors, a clear geometrical separa-
tion among the configurations can occur. The range `x+Max − `x+min
remains approximately constant with increasing spin of the at-
tractor, even if `x+min increases. On the other hand, the range of
the specific angular momentum for a counterrotating proto-jet
increases, and therefore, the difference `J
+
Max−`x+Max−(`J
+
min−`x+min)
increases, and analogously for the respective orbital ranges. As
a consequence of this, the orbital distance between the two sur-
faces remains generally significant, even for very slow attrac-
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tors with a ≈ 0 (indeed the minimum range for counterrotating
fluids is approximately the maximum range for the corotating
ones).
In conclusion, a correlation among the `corotating A− − J−
configurations is facilitated in the geometries of faster attrac-
tors, while a correlation in the counterrotating A+ − J+ con-
figurations is in general less likely to occur with increasing
spin. Therefore. the `corotating proto-jet-accretion correlation
should be more evident for corotating matter orbiting the fast
attractor, and an increase of the black hole spin should favor a
possible correlation.
To properly characterize a possible causal correlation, it is
important to characterize the distance between the two critical
points of the couple. The C1x configuration could be close to the
inner proto-jet point rJ , with flooding of material towards the
inner critical point rJ , and supply of specific angular momen-
tum. These phenomena would lead to an increasing separation
among the two surfaces Ox and Cx. In fact, the proto-jet point rJ
shifts inwards. Conversely, the maximum pressure point rx1min of
the accreting disk loosing its specific angular momentum, will
approach the radius rmbo, reducing its elongation by decreasing
K = K1xMax. However, the minimum point of hydrostatic pres-
sure, r1−Max, will move outwards. This could eventually lead to a
negative-feedback effect which, after certain time, might even
stop the feeding (see also Appendix A). The final result of this
very simplified scenario would turn in a couple made by a small
outer disk, eventually in equilibrium, and an inner configuration
in proto-jet with increased specific angular momentum.
As discussed in Sec. (3.1), in principle it is possible that an
infinite number of J...J couples could be formed. On the other
hand, a possible `corotating Cx − Cx couples would violate the
principle of non-penetration of matter (at the first Roche lobes,
as the two `corotating configurations would contain the same
rmso). Therefore, in the multiple A − J couples, there would be
a `corotating subsequence of a number nJ of open funnels, as
considered in Sec. (3.1), and one (outer) accreting configura-
tion. The geometric correlation could be then between the C1x
configuration and Oiˆx ≺ Coˆx.
Therefore, an `corotating proto-jet cannot be formed from
the feeding of material from an outer (`corotating) surface,
through a P-W point on a stable inner configuration or on an
accreting inner one. An open cusped surface may be formed in-
stead from a C2 or ()1 configuration, after a (hypothetical) col-
lision with an outer equilibrium disk at higher specific angular
momentum, which is increasing its mass for example due to in-
teraction with the embedding environment, or by some other
collisional phenomena occurring in the macro-configuration.
These situations are discussed in more details in Appendix A,
where different situations for corotating or counterrotating cou-
ples orbiting attractors of different classes are explored. In
Appendix A.2, the location of rout, outer edge of the disk,
is also investigated; here we present some general considera-
tions based on the results proved there. Firstly, as a disk in
equilibrium can contain the marginally stable orbit (but not the
marginally bounded orbit as detailed in Appendix A.1.1, the
inner margin of the disk in equilibrium can be close to the in-
ner `corotating proto-jet point, rin = rmbo +  with  > 0. The
inclusion15 r±mso ∈ C±i implies some restrictions on the specific
angular momentum of the disk, different for the corotating and
counterrotating fluids, and ultimately distinction between dif-
ferent attractors–Appendix A.1.1. In general, for larger spe-
cific angular momentum magnitude (such that rin = rmbo + ),
the disk would be significantly extended outward, it would have
a very large elongation16 λ, with rcent − rin  rout − rin, and the
surface, for increase in size (also at almost constant specific an-
gular momentum) might become opened, being unstable but not
reaching an Ox topology.
We finally note that an immersion of a Ci disk in a Cix one,
where ±(`∓i − `∓1 ) > 0, could lead to an increase in size and
in the specific angular momentum magnitude of the inner disk,
and eventually to transition of C1x to a O
2
x topology. This can
happen in fact only with sufficient supply of specific angular
momentum for the C1x surface. However, the increase of spe-
cific angular momentum magnitude is a necessary but not suf-
ficient condition for the occurrence of a topological transition.
In fact, the disk may be stabilized by moving outwards the cen-
ter of maximum pressure with a K ∈ K0 (however for |`o| very
large, also Ko can be very large, as there is ∂|`|Kcrit > 0 and,
for `o very close to `mso, the parameter Ko will be close to the
minimum Kmso). The specific angular momentum cannot be too
large, being proportional to the distance among the centers or,
∂δ`δrmin > 0. Thus, as confirmed in Appendix A, there will be
an upper bound on the suitable range of specific angular mo-
mentum magnitude.
We conclude this analysis describing the configurations in
the Newtonian limit. The specific angular momentum of the
equilibrium configuration could be ` ∈ L3 for a stable C3 disk
centered in r > r¯γ  rmso, with r¯γ > rγ : `(r¯γ) = `γ, where
there is also ∂δ|`|δKcrit > 0, and ∂δrcritcδKcrit > 0. However, ac-
cording to the discussion in Pugliese&Stuchlík (2015), even if
the inequality r¯γ > rmso is always verified in every geometry, for
the corotating fluids orbiting fast attractors, this cannot be con-
sidered necessarily as an indication of the location of this radius
in a region where the Newtonian limit could be applied. This
situation can be inferred from Fig. 6, where the radii r¯±γ , have
been plotted for different attractors, emphasizing their location
with respect to the geodesic structure of the spacetime and the
radii r±M > r
±
mso. Fig. 6 confirms that r¯
±
γ  r±mso for the countro-
rotating fluids in any geometry, and for the corotating case only
at a  M. Then it is clear that r¯+γ  r+M for any attractor spin,
while the situation is different in the corotating case. Consider-
ing an attractor with a = a−M : `
−
γ = `
−
M, we have r¯
−
γ = r
−
M, and
15The inclusion notation, (∈, <) and ∈!, will be widely used in Appendix A.
The use of r¯ ∈ (), for the radius r¯ and any surface (), means that there can be
found proper K or ` parameters such that this property is satisfied. The symbol ∈
! is a reinforcement of this inclusion, indicating that this is a necessary relation
which is always satisfied. The symbol < (meaning non-inclusion) does not
generally have any intensifier (!), as this analysis is to underline the possibility
of inclusion and the condition for this to be satisfied.
16The definition of elongation of a ring and ringed accretion disk was in-
troduced in Pugliese&Stuchlík (2015), here we recall that in general for an
accretion disk the elongation range is defined as Λ ≡ [rin, rout] and the disk
elongation on the equatorial plane as λ = rout − rin, where rin (rout) are the inner
(outer) edge of the disk.
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Figure 6: The panel shows the marginally stable orbits r±mso, the radii r±M (orbits
of maximum growing of the specific angular momentum magnitude, as function
of a/M) and the radii r¯±γ > r±γ : `±(r¯±γ ) = `±γ , as functions of the black hole
spin-mass ratio a/M. For a = a−M ≈ 0.9343M : `−γ = `−M there is r−M = r¯−γ .
a−M could be seen as the infimum of the spin range where it is
not possible to consider the inequality r¯γ  r−mso, and then the
region where a Newtonian limit could be considered.
The radii r¯±γ (points of maximum hydrostatic pressure) are
the solutions of the algebraic fourth degree equation:
∂rVe f f
∣∣∣
`±γ
= 0, r¯γ± : a2(a − `)2 − 4(a − `)2r+
2(a − 2`)(a − `)r2 − `2r3 + r4∣∣∣
`±γ
= 0, (14)
in dimensionless quantities. We note that actually the second
equation, solved for each r in terms of the parameters ` and
a, is able to provide all the extremes of the effective potential
and thus also the minimum and maximum points of the hydro-
static pressure. Specifically we can write the solutions r¯±γ as
follows17:
r¯±γ ≡
1
12
[√
3h3 + 3`2+
√
6
(
−22/3h2 − 24(a − 2`)(a − `)
+3`4 −
210/3
(
2a2 − 3a` + `2
)2
h2
+
3
√
3
[
25(a − `)2 − 8(a − 2`)(a − `)`2 + `6
]
h3

1/2 (15)
h3 ≡
(
25/3h2 − 24(a − 2`)(a − `) + 3`4+
213/3
(
2a2 − 3a` + `2
)2
h2

1/2
;
h2 ≡
[
h1 +
√
h21 − 28
(
2a2 − 3a` + `2)6]1/3 ;
h1 ≡ −(a − `)2
[
27a4 − 5.26a3` + 16`2
(
`2 − 32
)
+
8a`
(
3.24 + 13`2
)
− 9a2
(
48 − 8`2 + 3`4
)]
. (16)
3.3. Inner proto-jet: the `corotating proto-jet-accretion (J-A)
systems
The `corotating couples Oix < C
o
x, are not possible. In fact
their existence should imply that |`i| < |`o|, where `o ∈ L2 and,
on the other hand it has to be `i ∈ L3 that is contradictory.
We conclude the discussion on the `corotating couples with
an inner open surface Jx, noting that in a `corotating couple
with an accretion point and a proto-jet, the launching point rJ
must be the inner with respect to the accretion point rx, imply-
ing that it has to be a A-J couple, with a possible correlation
between the two surfaces.
We note finally that, given a correlated couple Ox or Cx, an
overflow of matter occurs, with the consequent decrease of spe-
cific angular momentum magnitude and the value of K param-
eter. This may lead to a series of accretion stages with a pro-
gressive “drying” of the disk18.
17Notice that this different behavior with respect to the spin suggests, as in-
deed can be immediately verified, that the equation associated to the problem
(14) is not completely re-parameterizable as a function of the dimensionless
quantities R ≡ r/a and ¯` ≡ `/a, but the equations explicitly depend on a/M.
The couples (R, ¯`) are used for example in Pugliese&Montani (2015), to iden-
tify the Newtonian limit and underline the emergence of the properly relativistic
and dragging effects.
18Suppose that a Cx disk is characterized by the couple of parameters
(`a,KaMax) with `a ∈ L1 and KaMax < 1, and critical points (ramin, raMax) of the
hydrostatic pressure. Decreasing the specific angular momentum in magnitude
and also KMax, the disk might return to an equilibrium phase with topology
C, here labeled by the superscript b, with rbmin < r
a
min, r
b
Max > r
a
Max, and also
Kb ≤ KbMax < KaMax (it can be also Kb = KbMax −  . KbMax). This transition,
from a cusped Cx to a C topology, should be a continuous process. The initial
topology could also involve an open surface Ox, resulting therefore in a proto
jet-accretion transition, as decreasing of specific angular momentum magnitude
may involve a transition from L2 to L1, or proto-jet-equilibrium configuration
transition with angular momentum in L2 or L1. A second new phase of insta-
bility may be induced by the interaction of the new surface with the surrounding
matter, present in the macro-configuration as it was in its initial phase, prior the
transition, or by some other mechanism.
14
3.4. Outer proto-jet: the `corotating equilibrium disk-proto-jet
(C-J) systems
We consider the `corotating C-J couple, with only one P-W
instability point rJ , associated to the outer Oox proto-jet. We
obtain
Ci < Oox `i < `o r
i
min < r
o
min Ki < 1 `o ∈ L2,
thus Oox ≺ Ci, roJ = r+in − r (17)
where r > 0, `i ∈ {L1,L2}.
In fact, there is roMax < r
i
Max < rmso < r
i
min < r
o
min. This last re-
lation is a property of any `corotating subsequence, and it also
assures that, since roMax must necessarily exist being associated
to Oox, and as `i < `o, for definition, then `i ∈ {L1,L2}. The in-
equality Oox ≺ Ci of Eq. (17), and then the location of the inner
edge of the inner disk, is guaranteed by the fact that, consider-
ing the topologies (Oox,Ci), we find r
o
Max < rmbo < rmso < r
i
min <
romin. However, as Eq. (A.2) and Eq. (A.3) hold, then the inner
edge of the Ci disk has to be external to the launching point of
the proto-jet, rJ . It other words, the disk in regular topology
is entirely contained in the orbital region r > rJ , which finally
validates Eq. (17).
Under these circumstances, a viable correlation among these
configurations can take place, for example, for possible impact
of the funnels19 Oox on the internal surface Ci. Or a geometrical
correlation may occur by action of the surface Ci approaching
the critical point rJ , for loss of specific angular momentum `i
and increasing of the parameter Ki. However, as discussed in
Appendix A, by the analysis of the possible inclusion relation
rmso ∈ Ci, the investigation of this case may require additional
restrictions on the specific angular momentum `i. In fact, for
particular specific angular momenta of the rings, and depending
of the kind of attractor they are orbiting, some rings are entirely
confined in the region r > rmso, and then the two surfaces in
Eq. (17) are necessarily geometrically (and causally) separated.
Particularly the situation is summarized in Eq. (A.6) for the C±1
disk, in Eq. (A.10,A.11,A.12) for the corotating C−2 disks and
in Eq. (A.14) for the C+2 counterrotating disk. This study has
being done in all details in Appendix A.1.2, here we report
the general results based on the parameter conditions for the
confinement of the two surfaces in separated orbital regions and
the main idea under these results.
Then, for `i ∈ L1 Eq. (A.6) holds, thus for sufficiently large
(in magnitude) `i ∈ L1 and sufficiently large density K0, the
inner margin of the C±i disks can approach the orbits r
±
mbo (the
gap between riin and rmbo can be in fact exactly evaluated). Con-
versely, for `i ∈ L2, the situation is much more complicated
as it essentially depends on the range of specific angular mo-
mentum and, for the corotating disks C2−i , also on the different
classes of attractors: we may be able, from the couple (17), to
establish, if the ringed disk is made up by counterrotating or
corotating fluids and, in this last case, also to identify the class
of the attractor.
19We stress that this statement requires the study of proto-jet surfaces along
the rotation axis.
The case C2−i is described by Eq. (A.10,A.11,A.12). For at-
tractors with sufficiently hight spin, as in Eq. (A.12), the sit-
uation is similar to the Ci disks with `i ∈ L1, and a geomet-
ric correlation between the couple may occur. In the geome-
try of the slower attractors, in order to have a correlation, it
is necessary to balance the dragging effects due to the slower
spin of the attractor by a sufficiently low disk specific angular
momentum (in magnitude), namely in the range II as speci-
fied by Eq. (A.11). Whereas, for high enough specific angular
momenta, i.e., `i ∈ L2, the two disks cannot be geometrically
correlated, see Eq. (A.10).
For the counterrotating fluids of the couple C2+i < O
2+
x , or-
biting any Kerr black hole attractor, Eq. (A.14) holds. The sit-
uation is, in general, analogous to the case of C−2 disks but, in
the counterrotating case, for specific angular momentum suffi-
ciently high in magnitude, the two surfaces are geometrically
separated, while for the lower values of |`+i |, there can be a geo-
metrical correlation in any Kerr geometry. It has to be specified
that, for the Ci disk, one has to consider the role of the elon-
gation parameter Ki > Kimin ∈ K0, which indeed constitutes an
additional free parameter of the system. In the unstable surface
(in open or closed topology), this is uniquely determined by
the specific angular momentum of the fluid, thereby reducing,
in the cusped topologies, the number of free parameters to the
only angular momentum `.
If the two surfaces are geometrically separated, and therefore
no correlation is possible, then no feeding of matter, or any mat-
ter penetration after collision, can occur from a Ci disk to an Oox
configuration.
As for the multiple `corotating configurations with topol-
ogy C and Ox, regulated by Eq. (17), there can certainly be
two `corotating subsequences formed by surfaces with equal
topologies, respectively, with configuration of order nJ and de-
creasing magnitude of specific angular momentum with rJ , and
of order nc for the closed topologies with the specific angular
momentum increasing with the orbit rmin. However, for the con-
siderations outlined before, the subsequences will be isolated
and separated by the orbit rmbo. Further considerations, of the
corotating or counterotating nature of the fluids and different
classes of attractors are provided in Appendix A.
3.5. Inner proto-jet: the `corotating proto-jet-equilibrium disk
(J-C) systems
We close this part on `corotating systems with an inner open
cusped configuration, by considering the couple Oix < Co. But
it is easy to see that existence of such a couple, similarly to
the Oix < C
o
x one, leads to a contradiction, and we can finally
conclude that any `corotating couple (J-C) must be described
by Eq. (17).
3.6. The `corotating accretion-equilibrium disk (A-C) systems
We add here some notes on the `corotating couples made up
by a disk in accretion and a configuration in equilibrium. This
case was discussed in detail in Pugliese&Stuchlík (2015). Let
15
us suppose that the disks are Cxa and Cb, then it has to be
Ka ∈ K0, Kb ∈ K0Cb ≮ Cax `a`b > 0 ± `∓b < ±`∓a ,
`a ∈ L1, `b ∈ L1, (18)
Cax <!Cb `a`b > 0 ± `∓a < ±`∓b , `a ∈ L1, `b ∈ Li. (19)
If the equilibrium surface Cb would be the inner one of the cou-
ple, in contradiction with Eq. (18), it is immediate to prove that
it would violate the non-penetration of matter, as shown be-
low. We note that rmbo < raMax < r
−
mso. But we know, from the
assumption on the specific angular momentum `b/a < 1, that
raMax < r
−
mso < r
b
min < r
a
min, implying that this configuration is
not possible because there would be a penetration of the first
Roche lobe. Therefore Cax ≯ Cb and Cax <!Cb, that is reflected
in Eq. (19).
We now focus on Eq. (19): the specific angular momentum
`b of the configuration in equilibrium can be, in principle, in
any range Li. However, in order to establish if the condition of
non-penetration of matter is really preserved, it is necessary to
establish the location of the outer edge of Cax and of the inner
edge of Cb disk. This analysis has been addressed in all detail
in Appendix A.1.1. This discussion points out significant dis-
tinctions between the `corotating couples made up respectively
by corotating and counterrotating fluids.
In general, the two surfaces will be separated for sufficiently
large momentum `b as compared to `a (in magnitude), and for
Kb small enough at fixed `b (while Ka = KaMax is uniquely de-
termined by the specific angular momentum `a). The specific
angular momentum `b should be sufficiently high for rmso < Cb
at any Kb. Obviously, this inclusion relation will also be deter-
mined by the Kb value, at least for some specific angular mo-
menta: the situation does indeed depend of the specific angular
momentum range `b ∈ Li and the class of the attractor. In some
cases, it will depend especially on the corotating or counterro-
tating nature of the disk. This issue is detailed in Eq. (A.6), for
specific angular momentum `±b ∈ L1±, in Eqs (A.10–A.12) for
the corotating disk C−b with `
−
b ∈ L2−. Whereas for counterro-
tating disks Eq. (A.14) holds.
Finally, for counterrotating disks, with `+b ∈ L3+, Eq. (A.20)
holds, and then one can always find a Kb such that the two
configurations are separated. Viceversa, for the Ca−3 disks,
Eq. (A.18) and Eq. (A.19) apply, distinguishing fast and slow
attractors.
We conclude this section by noting that the couple in (19)
could be seen perhaps as a precursor of the `corotating cou-
ple Cx − Cx, briefly discussed on the sidelines of Sec. (3.2).
But in fact, considering the topology of the couple, and taking
account of the requirement of non-penetration of matter, a pos-
sible evolution of a Cb disk towards the Cx phase, which would
imply a variation of one or both Kb and `b parameters, would
be non correlated to the inner configuration. Indeed, the inner
Cax disk would be correlated to the onset of an accretion phase
of the Cb configuration only by increasing its own specific an-
gular momentum `a and therefore the parameter KaMax, which is
not expected. A final note regards the decompositions of order
greater than two with a seed couple Cax < Cb. From the former
analysis we conclude that the “additional” configurations would
be in equilibrium and therefore in the outer orbital regions with
respect to Cbx.
4. `counterrotating sequences
The situation for a `counterrotating couple, with a critical
configuration, is determined by the two families of the notable
radii r±N of the geodesic structure of the spacetime and by the
associated specific angular momenta `±N . The discussion of this
case turns to be more articulated than the `corotating case in-
vestigated in Sec. (3). Some of the results considered here will
be discussed more deeply in Appendix A.2, where the location
of the notable radii r±N ∈ ()∓ is considered with respect to the
configurations ()∓.
Here we will first consider the couples of fixed topology and
rotation with respect to the central attractor, providing rather
stringent constraints on the decomposition. Then, by consider-
ing the couple of configurations as a seed for a decomposition of
order n > 2, we investigate the configurations made up by more
disks. To simplify the notation we introduce the total angular
momentum L and total K parameter of the couple. Examples
of `counterrotating tori are in Figures 1-Upper and Bottom,
also the outer couple of non accreting tori in Second panel.
4.1. The `counterrotating proto-jet-proto-jet (J-J) systems
We consider a couple of `counterrotating opened-crossed
configurations. It has to be
L = L2− ∪ L2+, K = K1− ∪K1+for a > aι O+x  O−x
(J+ − J−), aι : r−mbo = r+γ , for a < aι O+x  O−x (20)
(J+ − J−) or O+x ≺ O−x (J− − J+), (21)
see Fig. 5. For the smaller attractor spin values, Eq. (21) holds
and, as we have r−mbo > r
+
γ , a (J − J) couple can be in the state
O+x ≺ O−x or also O+x  O−x . But in the geometries determined
by the larger spin values, where r−mbo < r
+
γ , Eq. (20) stands, and
the inner proto-jet must be corotating i.e. the only possible state
for this couple is J+ − J−.
In the following discussion we will refer to the results in
Eq. (12) for the `corotating couples, which also emphasizes
some properties of the density δnJ of unstable points r±J .
The separation between the `counterrotating subsequences
of launching points increases with a/M. This could indicate
that the black hole spin favors the launch of corotating mate-
rial. For large vales of the spin, the inner proto-jets should be
mainly regulated by the dragging effects of the Kerr spacetime,
and more generally by the curvature effects, while the outer
and counterrotating sequence shall be mainly regulated by the
centrifugal effects (where ` ∈ L2+), and especially by the PW
instability (in r+J ) due to the high values of the K parameter (in-
deed K = K2Max is fixed by the specific angular momentum `2),
regulating both the elongation on the equatorial plane and the
disk density20.
20Then one should certainly consider, especially for these sequences, the role
played in the unstable states by other factors typically characterizing the evo-
lution of the accretion disks, such as electromagnetic effects, which were not
included in the model adopted here for each ring.
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In a possible evolutionary scheme, where the attractor is
not meant to be isolated but interacting with the surrounding
material, a possible increase of its dimensionless spin a/M
should have a stabilizing effect for the corotating material,
eventually “separating” the two `corotating sequences, as the
counterrotating one could fill, according to the discussion in
Pugliese&Montani (2015); Pugliese&Stuchlík (2015), the re-
gions far away from the source.
As mentioned also in Sec. (3.1), matter in the critical O−x
topology penetrate the ergoregion Σ+ in the equatorial plane for
sufficiently fast Kerr attractors. The funnels of material will
eventually cross the static limit with an initial velocity φ˙ > 0,
following a possible energy extraction process. The static limit
r+ is, on θ = pi/2, independent of a-but not of M. More pre-
cisely, we have
r−J ∈ Σ+ for a ∈]a1, a−b [, and r−J ∈!Σ+ (22)
for a ∈ [a−b ,M],
where a1/M ≡ 1/
√
2 ≈ 0.707107; , a−b /M ≡ 2(
√
2 − 1) ≈ 0.828427;
a1 : r−γ = r
+
 ; a
−
b : r
−
mbo = r
+

see Fig. 4 and Pugliese&Quevedo (2015). At a > a2, the max-
imum of the hydrostatic pressure will be in Σ+ where a2/M ≡
2
√
2/3 ≈ 0.942809 and a2 : r−mso(a2) = r+ .
This fact confirms that the dragging effects are dominant in
the corotating case, while the centrifugal component of the ef-
fective potential would become predominant in the counterro-
tating fluids with respect to the corotating case.
Considering Eq. (12), we can draw first conclusion by say-
ing that the unstable points r±J in L2
± cannot be geometrically
correlated in the geometries of fast attractors (A>ι : a > aι),
but a geometric correlation may occur in the geometries of the
slower attractors (A<ι : a < aι), where the launching points
may also be coincident (r+J ≈ r−J ). In fact the orbital region
∆r±J ≡ ∆r−J ∩ ∆r+J is rather narrow, ∆r±J . M, and such that
∂a(∆r±J ) < 0.
The considerations outlined here relate primarily to
the orbital ranges eligible for sequences of cusped open
`counterrotating topologies. It is worth to note that, as the
O±x configurations are not closed, the characterization of such
multiple decomposition is indeed a one-dimensional problem,
reduced to the location of the r±J points in a bounded but con-
tinuous range of variation of ∆r±J . In other words, this is not an
extended matter problem and, as also discussed in Sec. (3.1) for
the `corotating proto-jets, for every `corotating subsequences,
the order n±j can be infinite in principle.
Obviously, considering the geodesic structure of the space-
time the possible multiple `counterrotating decomposition of
proto-jets, orbiting fast attractors with a > aι, are necessar-
ily isolated, as it is clear from Eq. (22). Then there is an in-
ner corotating sequence of (J...J)− configurations, and an outer
one made up by the counterrotating proto-jets (J...J)+. The
`counterrotating sequences may be characterized by a more
or less wide spacing, and the counterrotating sequence will be
more or less extended, considering the distance [rnˆ+J , r
1ˆ+
J ] ∈ ∆r+J ,
with respect to the corotating sequence which is confined in an
orbital region increasingly smaller as the attractor dimension-
less spin increases–Fig. 4. The minimum separation between
the two subsequences is ∆rJ−+ ≡ r+γ − r−mbo, which states evi-
dently maximum in the case of extreme geometry. A possible
geometric correlation between two `counterrotating proto-jets
will depend on the distance ∆rJ−+.
Mixed configurations, on the other hand, are possible for suf-
ficiently slow attractors i.e. a < aι; this is quite small class of
attractors, compared to the class of black hole sources at higher
spin. Small values of a/M favor mixed configurations, as the or-
bital region ∆rJ+− ≡ −∆rJ−+ = r−mbo − r+γ (and the corresponding
specific angular momentum range) is minimum in the geometry
aι, where the mixed sequences are possible, and maximum in
the static Schwarzschild geometry. We can write, with regards
with the orbital location:
(J...J)− < (J...J)+− < (J...J)
+. (23)
The outer, `corotating sequence (J...J)+ of counterrotating
proto-jets is bounded in the orbital region ∆r+J − ∆rJ+−, with
maximum measure in the geometry a = aι and null in a = 0.
This is followed by the inner region of mixed sequences (J...J)+−
in ∆rJ+−, and the finally the `corotating inner isolated sequence
(J...J)−.
We now address the problem of a possible initial state for the
couples in the state (20) or (21). A more detailed discussion can
be found in Appendix A. For each `corotating subsequence,
the considerations outlined in Sec. (3.1) apply. The evolution
from a closed crossed topology Cx of an accretion configura-
tion to the topology Ox of the open funnels, requires an increase
(in magnitude) of the specific angular momentum to ensure the
transition L1 to L2 and an increase of the K-parameter with a
shift K0 to K1. Whereas, starting from a closed topology, an
analogue transition occurs if the initial data on the specific an-
gular momentum are in L1 or L2. Conversely, if the starting
data for the closed configurations are in L3, then the K param-
eter increases from K0 to K1, but the specific angular momen-
tum ` decreases with a transition from L3 to L2. However,
as any equilibrium disk C± can never contain the marginally
bound orbit r±mbo, as stated in Eqs (A.1,A.2,A.3); this transition
implies a stretching of the disk towards the attractor, moving
inward the point of maximum of the hydrostatic pressure, if the
disk is located in the outer region with larger centrifugal barrier
(` ∈ L3), or viceversa, the shifting of the disk center outwards,
from the initial data in L1. The initial configuration with spe-
cific angular momentum in L2 will not necessarily give rise to
a shift of the center of maximum pressure, but it will change
morphology and topology as consequence of the transition K0
to K1.
These considerations derive mainly from the analysis of the
geodesic structure of spacetime. Correspondingly one can ob-
serve arrangement of the eligible specific angular momenta for
the `counterrotating couple of proto-jets in L2±, as summarized
in Eq. (12). The two `counterrotating subsequences of proto-
jets have been discussed extensively in Sec. (3.1).
We mention that associated to the orbital region ∆rJ+−, where
the mixed decompositions are possible, is also the region of
common specific angular momentum ∆` j+− ≡ −L3+∩L3−. This
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has the remarkable implication that in the mixed decomposi-
tion, it will tend to have a ratio `+/− ∼ −1, for sufficiently close
points r±J , up to the extreme situation where the attractor has
spherical symmetry. This fact is particularly relevant when one
considers that in this orbital region a geometric correlation be-
tween the elements of the mixed sequence is possible. One can
also see this situation directly through the analysis of the curves
of specific angular momentum ∓`± which should approach in
the spacetimes where a < aι. This means that, when correlated,
the `counterrotating open cusped surfaces have specific angular
momentum approximately close in magnitude.
We remind also that there are no solution r¯ : `+/− = −1, but
certainly there is an appropriate couple r¯± : `+(r¯+) = −`−(r¯−)
where, for a < aι, we have r¯− < r¯+ < r−mso < r+mso or
r−mso < r+mso < r¯+ < r¯−. Finally, we refer to the discussion
of Sec. (3.1), for the characterization of these structures in the
Newtonian limit, as defined through the couples r±M and the cor-
responding instability points r¯±M.
4.2. The `counterrotating proto-jet-accretion (J-A) systems
The `counterrotating couples of cusped topologies, made up
by a proto-jet and a accreting closed disk, can be analyzed by
considering the following four states:
4.2.1. State I: C+x  O−x
First, we focus on the couple C+x  O−x : a counterrotating
closed configuration with an outer accretion point and an inner
instability point r−J , with open configurations corotating with
the black hole. It has to be:
L = L1+ ∪ L2− ∆r−J ∩ ∆r+x = ∅, then C+x  O−x
and C+x ⊀ O−x as there is ∆r−J < ∆r
+
x . (24)
We shall focus on a possible geometrical correlation between
the two configurations for action of the outer counterrotating
disk in accretion to the inner corotating open proto-jet configu-
ration.
We note that the critical points are located in the regions ∆rx
and ∆rJ: in the first case, the P-W accretion point r+x corre-
sponds to the inner margin of the outer Roche lobe. The min-
imum distance between the points r+x > r
−
J is inf(r
+
x − r−J ) =
r+mbo − r−mbo > 0 for a > 0. Even if the critical points (r+x , r−J ) are
geometrically separated, when the outer counterrotating config-
uration reaches the critical topology, the matter falls towards the
attractor and, as the state is O−x ≺ C+x , this leads to a possible
interesting scenario with the counterrotating matter accreting
with super-Eddington luminosity on the O−x corotating configu-
ration.
However, associated to the O−x configuration, in the region
r > r+ , there will be an inner surface (second and inner Roche
lobe) embracing the black hole, which therefore could match
the second lobe of the outer C+x one, with the consequent colli-
sion of counterrotating material with specific angular momen-
tum, generally, greater in magnitude than the specific angular
momentum `−.
The macro-configurations of order n > 2, with seed couple as
in Eq. (24), will be made by the isolated sequences of couples
in Eq. (24) with n+x = 1 and the criticality order n
−
J up to infinity.
For the discussion on the inner (J...J)− sequences, we refer to
Sec. (3.1).
Clearly, both the parameters K±Max are uniquely fixed by the
momenta `± respectively (we recall then that the lines of con-
stant K±crit, provide exactly the inner and outer edges of the
closed critical configurations).
Considering the radial distances ∆r−J , and ∆`
−
J , we could
conclude that the multiple corotating proto-jets are favored at
lower spin, requiring however in general also a larger specific
angular momentum, see Eq. (12). Therefore, a larger cen-
trifugal component gives rise to launches of open funnels (in
Pugliese&Montani (2015) it has been proposed in terms of the
rationalized specific angular momentum `/a, which emphasizes
the relevance of the ratio between the “orbital” specific angular
momentum and the attractor spin in regulating the disk mor-
phology and evolution).
At high values of spin, the multiple corotating proto-jets
are disadvantaged, while they are possible with lower spe-
cific angular momentum, as discussed in Sec. (3.1). For the
counterrotating matter in closed (cusped) topology, we find
inf (r+x − r−J ) ∈ [M, 6M[ as the black hole spin a ∈ [0,M]. It
is then ∂−`+2 K
+
Max > 0 for `
+
2 ∈ L2+, see Eq. (12).
In this respect, the more relevant effects for the interaction
between the C+x  O−x systems could occur for lower vales of
spin, where an increase of the criticality density δnJ at constant
step κ occurs, and the orbital range ∆r−J is larger. Concerning
the specific angular momentum at a > aℵ, there is −L1+ ∩
L2− = ∅ and −L1+ > L2−, with orbital range δr+x > δr−J , which
increases with increasing attractor spin. Moreover, according
to Eq. (22), there is r−J ∈ Σ+ , being inaccessible to any possible
contact with the counterrotating matter.
For attractors with spin a < aℵ, the situation is less articu-
lated and the separation between the orbital regions decreases,
being never zero, and the specific angular momentum −L1+
decreases while L2− increases. As discussed above, in these
spacetimes possible interaction between the two configurations
could be more relevant.
Then one has −L1+ ∩ L2− , ∅ in ]aℵ0 , aℵ[, and aℵ0 : `−γ =
−`+mbo, where −`+1 < `−2 is possible; in this case, the critical
points r+x and r
−
J are closer, favoring therefore a correlation. Fi-
nally, at a ∈]aℵ2 , aℵ0 [, there is −L1+ ⊂ L2−, while for a < aℵ2 ,
very close to a = 0, there is a range of counterrotating specific
angular momentum lower in magnitude then the corotating `−
one–see Fig. 5 and Fig. (4).
4.2.2. State II: C+x ≺ O−x
This case is ruled out by Eq. (24) and this couple is not al-
lowed. Therefore, corotating open funnels of matter and coun-
terrotating accreting configurations must be regulated accord-
ing to Eq. (24).
4.2.3. State III: C−x ≺ O+x
We consider the possible presence of counterrotating funnels
of matter, launched from a point r+J , with an “inner” closed con-
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figuration in accretion C−x , or
C−x ≺ O+x r−x < r+J , `− ∈ L1− `+ ∈ L2+,
r−mbo < r
−
x < r
−
mso < r
−
out < r
+
J < r
+
mbo < r
+
mso. (25)
The conditions (25) imply a condition on the location of the
outer edge r−out of the accreting C−x disk, which should satisfy
the last sequence of inequalities in (25). On the basis of these
considerations only, we could say that this couple would be
possible in the geometries of the fastest attractors, however at
higher spins this is the only state possible for the elements of
the couples (C−x ,O+x ). Therefore we could say
A>ιa : a > aιa C
−
x ≺!O+x ; A<ιa : a < aιa C−x ⊀ O+x ,(26)
where the spin aιa is introduced in Eq. (A.27). One could con-
sider this state as the opposite with respect to the state C+x  O−x ,
analyzed in point I above.
As made explicit in Eq. (26), the situation depends on the at-
tractor characteristics and one could say that the couple C−x ≺
O+x is a characteristic of the geometry of the fast attractors. At
lower spins the problem of the location of the outer margin of
the corotating disk in accretion with respect to the launching
point becomes relevant, and an overlapping of material with
the outer configuration is possible. However, considering the
last inequality of Eq. (25), we recall that since the inner config-
uration is closed, it makes sense to enquire if the outer edge of
the disk in accretion, that is r−out, can be near the outer critical
point r+J , where this kind of situation would lead to collisions.
This issue is partially discussed in Appendix A.2. In any case, a
possible correlation could emerge from an interaction between
the outer edge r1−out and the outer critical point r
+
J .
In order to provide some constraints on the parameters of
C1−x , we should investigate the inclusion relation r+mbo ∈ C1−x .
This problem is fully addressed in the last point of Appendix
A.2.2, fully responding to this problem by providing the rela-
tions in Eq. (A.60) and following discussion. Since the last
circular orbit is the lower boundary of the orbital range ∆r+J ,
we should consider the inclusion r+γ ∈ ()−, as discussed in Ap-
pendix A.3.
We close this section with some general considerations. The
configurations (C−x ,O+x ), regulated by Eq. (25), can evolve in-
dependently without geometrical contact. On the other hand,
from the analysis of the total specific angular momentum and
the orbital ranges, we can infer a classification in different sets
of attractors where it could be more likely to observe such
critical configurations. The first set is defined for geometries
a > a−γ+ , introduced and characterized in Eq. (A.34), where at
a = a−γ+ > aιa we have r
−
mso = r
+
γ , and the critical points (r
−
x , r
+
J )
are geometrically separated by the distance r+γ − r−mso increas-
ing with the spin, see Fig. 4. This is a subset of the class of
attractors A>ιa .
Increasing the dimensionless spin, the geometric separation
increases, and the minimum distance is at most ≈ 4M for a ≈
M.
We can then read the situation in terms of the specific angular
momentum. The analysis of the specific angular momentum
range L2+∪L1− shows an interesting situation; there is −L2+∩
L1− = ∅ and −L2+ > L1−, L1− ≺ −L2+, and −L2+ increases
with the spin increasing, while L1− decreases with increasing
a/M– see Eq. (22).
As a consequence of this fact, if there is a collision between
these two systems, then the specific angular momentum of the
open configuration in funnels is always larger in magnitude then
the counterrotating one in accretion. From these results one can
easy draw some general conclusions on the multiple surfaces
generated from the seed C−x ≺ O+x in Eq. (25), considering that
one might have a `corotating sequence of (J+...J+) proto-jets.
4.2.4. State IV: C−x  O+x
The couple C−x  O+x , formed by an inner proto-jet of coun-
terotating matter and an outer accretion corotating ring, can
exist only in the geometries of the slow attractors, i.e., for
a . 0.6M where r−mso > r+mbo. In fact, as stated in Eq. (26),
the couples C−x  O+x are forbidden at higher spins:
A>ιa : a > aιa C
−
x  O+x ; A<ιa : a < aιa C
−
x!O+x ,(27)
see also Fig. 4. The results of this section are expanded and
deepened in the last point of Appendix A.2.2 and in Appendix
A.3, where the inclusion relations r+mbo ∈ C−x and r+γ ∈ C−x will
be analysed. At a < aιa , it is always possible to find `
−
1 small
enough for r−min ≈ r−mso, and then K1−Max < 1 small enough to get a
small critical elongation λ1−x , having r−mso > r+mbo. We have then
r1−x ∈!]r+mbo, r−mso[, while r+J ∈]r+γ , r+mbo[ that is Eq. (27). For the
exact conditions we refer to the study of the inclusion relations
of Eq. (A.60) and Fig. A.16.
The geometric separation between these configurations in-
creases with increasing spin of the attractor. Then an interac-
tion is possible due to a geometric correlation and favored for
low spins and large (great elongation and great density) corotat-
ing disks C1−x , whereas smaller disks C
1−
x are favored at higher
spin a / aιa . Indeed, in this last case the outer corotating matter
accreting onto the black hole could impact on the inner counter-
rotating matter, which is unstable according to the P-W model.
Considering that the specific angular momentum of the cou-
ple is L = L1− ∪ L2+, it is clear that the specific angular
momentum of the counterrotating matter will be in magnitude
greater then the specific angular momentum of the inner coro-
tating one. Therefore, the location of the couples (C−x ,O+x )
clearly distinguishes the two classes of attractors, according to
Eq. (26) and Eq. (27).
Considering the decomposition of order n > 2, generated
by the seed couple C−x  O+x in Eq. (25), one could consider
couples at fixed topologies with multiple copies of C−x  O+x
and an outer sequence of (J+...J+). The orbital region of the
open sequence is therefore more reduced while approaching the
limit a = 0.
We now focus on the possible initial states for the cou-
ple C−x  O+x , making referring to Fig. 7. As this is a
`counterrotating couple, the starting state could be, for exam-
ple, C− > ()+, where the topology of the counterrotating con-
figuration remains to be fixed, specifically among the topolo-
gies (C−,C−x ) for the corotating fluids and {C+,C+x ,O+x } for the
counterrotating ones. The general scheme is then provided by
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Fig. 7, which does not consider all the constraints imposed by
the geodesic structure of the A<ιa spacetimes. To prevent any
penetration of material, each initial couple shall be such that
()− > ()+. Being counterrotating, their formation can occur
independently and therefore they can take place at different
phases. All the possible initial states and evolutive lines, lead-
Figure 7: The `counterrotating couple C−x!O+x (circled), allowed only in the
Kerr geometry with a < aιa . Dashed arrow-lines show the evolution of the indi-
vidual configuration, starting from the initial state and pointing to the final state.
Black continuum arrow-lines indicate the status of the couple in a specific evo-
lutionary phase, the direction of the arrow is in accordance to the sequentiality
relation > (maximum of the hydrostatic pressure sequentiality), in the order of
configuration (and criticality). Where uniquely fixed, the region of specific an-
gular momentum is indicated close to each configuration. We assume that O±x
configurations have an initial state in closed topology, but it is indeed possible
that the outer configuration C− could be formed after the formation of O+x .
ing to the final couple in (27), are shown. However, some of
the lines of evolution are to be suppressed due to the dynam-
ical structure of the A<ιa geometries and the conditions of non-
penetration of matter. It is clear that the couple with C− as initial
state, with `− ∈ L3−, is always possible, but if `− ∈ L1−, then
different constraints have to be considered. The initial state in
L3+ will be disadvantaged by the simultaneous presence of an
outer ()− configuration. The analysis of specific constraints of
the evolutive lines of Fig. 7 is straightforward and it follows di-
rectly the arguments of Appendix A and we will not focus more
on it here. The analysis of Fig. 7 also shows the possible evo-
lutive lines of the corotating configurations which would bring
the system to the state O−x  O+x , reflected in Eq. (21).
4.3. The `counterrotating accretion-accretion (A-A) systems
For a couple of `counterrotating accreting disks it has to be:
C−x ≺!C+x (and C−x <!C+x ) ∀a ∈]0,M], L = L1−∪L1+.(28)
In fact, for the attractor spins, a > aιa (at aιa : r
−
mso = r
+
mbo),
the inequality in Eq. (28) could not be inverted to create a hy-
pothetical couple C+x ≺ C−x , as ∆r−x < ∆r+x and ∆r−x ∩ ∆r+x = ∅,
see also Pugliese&Montani (2015); Pugliese&Stuchlík (2015).
In the spacetimes of the slower attractors we find r+mbo < r
−
mso,
and therefore ∆r−x ∩ ∆r+x , ∅.
However, in such spacetimes, an hypothetical couple C−x 
C+x , would violate the condition of non penetration of matter in
the outer Roche lobes of C±x : in fact r−mbo < r
+
mbo < r
+
x < r
−
x <
r−mso < r+mso < r+cent.
Thus, according to Eqs (A.28,A.30), in the geometries A<ιa
a proper specific angular momentum has to be selected (small
enough in magnitude) for the outer C+x disk satisfing the condi-
tion r−mso < C+1 .
In conclusion, Eq. (28) holds for the slower attractors A<ιa
under the restrictions (A.30) on C+x .
Furthermore, one should consider also the location of the
outer edge r−out of the corotating disk in accretion with respect to
the outer accretion point r+x . For sufficiently small specific an-
gular momentum `−1 (corresponding to smaller accretion disks),
K1−Max will be small enough for the disk C
−
x being not extend-
ing to include r+J . Further details on the conditions on the K1
parameter can be found also in Pugliese&Stuchlík (2015). We
refer also to the analysis and discussion in Appendix A.3 and
particularly Fig. A.16.
In the couple C−x ≺ C+x , penetration of matter occurs from the
material of the outer accreting ring C+x to the inner one C
−
x : the
case of two disks in accretion clearly results in a penetration of
matter affecting the inner lobe of the outer ring and the outer
lobe of the inner ring. In this case, the counterrotating matter
is accreting onto the corotating one: the two configurations in
the C±x topology could have independent origins and evolutions
up to the collision phase, giving rise then to a geometric cor-
relation, and a consequent instability induced on the inner disk
from the outer disk in accretion.
The specific angular momentum −L1+ is certainly larger that
L1− for sufficiently high spins a & aℵ2 therefore in particular
also for attractors a ∈]aℵ2 , aℵ1 [–see Fig. 5. The outer disk could
therefore be characterized by a larger elongation, λ+x > λ
−
x , and
correspondingly a greater density. For the slower attractors, the
situation is just the opposite and ∆`+x ∪ ∆`−x , ∅.
Regarding the separation between the two configurations in
the first Roche lobe, we should consider the relations from
Eq. (A.60)–the inclusion relation implies r+mbo < C
+
x . As r
+
x >
r+mbo, the two configurations are separated by the orbit r
+
mbo. The
counterrotating disk C+1 can approach this value as much as the
specific angular momentum −`+1 increases in −L1+. For the
slower attractors, this spacing will be reduced, according to the
relation ∆r−x ∩ ∆r+x , ∅. The spacings λ¯i+1,i in general increase
with the attractor spin and decrease with the increasing mag-
nitude of the specific angular momentum (corresponding to a
decrease of their elongation) see Pugliese&Stuchlík (2015)).
4.4. The `counterrotating equilibrium disk-accretion (C-A)
systems
In this section we study the couples (C − A) of
`counterrotating configurations formed by a closed regular con-
figuration and a configuration in accretion. This case has been
also studied in some detail in Pugliese&Stuchlík (2015), where
it was considered a single point of instability within the ringed
macro-configuration Cnx.
The multiple configurations with a seed couple (C-A) would
be made by an `corotating sequence of regular closed surfaces
in equilibrium, whose location and rotation with respect to the
attractor are fixed in accordance with the specific state of the
couple (C − A).
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What is significant here is that, in general, in the decompo-
sitions with an inner sequence of corotating or counterrotating
fluids in equilibrium, the configuration density (at κ constant)
will be smaller in the geometries of the slower attractors for
counterrotating disks, and in the field of faster attractors for the
corotating ones. But the configuration density turns to be gen-
erally lower for the corotating fluids, predicting therefore that
the multiple surfaces of this kind are not favored. However, the
conditions from the geodesic structure for the existence of these
configurations and the condition of no-penetration of matter are
very stringent and give a clear indication of these limits.
As in this case there are all closed configurations, it will be
convenient to make reference to the configuration index. Con-
sider then the following four states:
4.4.1. State I: The C+ − A− systems
This state of the decomposition is easily ruled out. Indeed,
its existence would imply:
C−x > C
+ (r1−min > r
+
min) r
−
x ≥ r+out,
L = Li+ ∪ L1− K = K<+ ∪ K1−Max. (29)
This configuration is not possible:
r−mso > r
−
x > r
−
mbo, r
−
x ≥ r+out > rmso (30)
but it is r−mso < r
+
mso therefore C
−
x ≯ C+.
Considering Eq. (30,26,27) and Eq. (28), we conclude that the
C−x configuration of `counterrotating closed couple (29) must
be the inner one.
4.4.2. State II: The A− − C+ systems
This second state of the `counterrotating couple (A − C) is
formed by a corotating disk in accretion and a counterrotating
one in equilibrium. According to Eq. (30), we have
C−x < C
+ (r1−min < r
+
min) r
1−
x ≤ r+in, (31)
L = Li+ ∪ L1− K = K<+ ∪ K1−Max.
Therefore, the outer counterrotating C+ disk is in equilibrium
and the inner corotating one C−x is in accretion.
These two configurations can be geometrically separated and
they could evolve independently, at lest from some time, un-
less the outer one is not reaching its unstable mode, according
to (26), for open counterrotating proto-jets, leading then to the
topological transition C+ → O+x .
Therefore, a topological shift towards the couple C−x − O+x
is possible, with Li+ = L2+, only in the geometries of higher
a > aιa .
Or, as Eq. (28) holds, the couples C−x < C+ could term in
a final A − A system with Li+ = L1+. The couple (31) then,
representing an initial stage for the states C−x − O+x , when a >
aιa , or for the states C
−
x − C+x for a ∈]0,M]. This closes the
analysis of a possible interaction, with consequent change in
the topology of the outer configuration, in the initial state C+.
However, a geometric correlation between the elements of
the couple would be possible also at fixed topologies, for colli-
sions and penetration of matter due, for example, to an increas-
ing elongation (magnitude of specific angular momentum −`+
in any of −Li+, or growing of K+ at fixed `+), or increasing the
specific angular momentum of the accreting matter `1 ∈ L1−,
increasing therefore its critical elongation (also) outwards (we
recall that for each cusped configuration the elongation K is
uniquely determined by the matter specific angular momen-
tum). These couples are detailed in Appendix A.2. It could be
significant therefore, to discuss the existence of possible con-
straints for the spacing λ¯+,− between this couple.
According to Eq. (A.1,A.2,A.3) it has to be r+in ≥ r1−out > r−mso
and there is r+in > r
+
mbo.
We should now consider the situation with respect to the
outer margin r1−out. Under the conditions provided by the lat-
est relation of Eq. (A.30) we can find that, for slow attractors
(a < aιa ), counterrotating configurations satisfy the condition
r−mso ∈ C+1 . Then a geometric correlation with an overlapping of
material from the outer to the inner configuration of the couple
C−x < C+ can certainly occur, if the magnitude of the specific
angular momentum `+ is sufficiently high, accordingly to the
constraints provided by Eq. (A.30).
On the other hand, we note that L1− < −Li+ for a > aℵ2 ,
although the K+ parameter of the counterrotating disk, can be
significantly lower than the K− parameter of the inner disk.
At lower spins, a < aℵ2 the situation is not uniquely deter-
mined and one needs to distinguish between different specific
angular momentum regimes Li: in fact at a < aℵ2 we have
∆`1x ∩ (−∆`+1 ) , ∅, and consequently −`−1 /`+1 > 1, while the
measures of −L2+ and −L3+ are larger then that of L−1 .
To complete this analysis, we consider the location of the
radius r+mbo with respect to the configuration C
−
x , and of r
+
mso
with respect to C+.
One would think that it may be always possible to find a suffi-
ciently high specific angular momentum to locate, for example,
the center of a corotating accreting disk, C−x , on the orbit r+mbo,
as proved in Appendix A.2 and stated in Eq. (A.66) and the
following21.
However, we have proved that a corotating disk in accretion
must have a specific angular momentum `1 ∈ L1−. But for
these disks, and a fortiori for C1 (which has lower K−), the den-
sity and elongation could be not sufficient to induce a gravo-
hydrostatic instability. Therefore these disks are all contained
in ]r+mbo, r
−
mbo[. In other words, it could be r
1−
out < r
+
mbo, implying
that the supremum of the spacing is at higher spin A>ιa , and it
21We can explicit the general idea of this argument as follows: for the couple
C−x < C+, there is r−mbo < r
−
x < r
−
mso < r
−
out < r
+
in < r
+
min < r
+
out , having to make
sure there is non-null distance r+in − r−out where r+in > r+mbo. Then, if r+mbo ∈ C−x ,
which means r−out > r+mbo, it is possible to choose a specific angular momentum
`− and `+ large enough in magnitude, because the distance is zero or negative.
On the other side, there is r+mbo > r
−
mso only for spacetimes of class A>ιa , which
implies that in these geometries we have r−mbo < r
−
x < r
−
mso < (r
+
mbo < r
−
out) < r
+
in,
where the brackets signify a commutation between the terms (r+mbo, r
−
out). Then
the inclusion r+mbo ∈ C+x is clearly favored in the case of attractors A<ιa where
r−mbo < (r
−
x < r
+
mbo) < r
−
mso < r
−
out < r
+
in. Thus, one could inquire if r
−
mso ∈ C+ in
the spacetimes A<ιa , and this is considered in Eq. (A.30,A.40, A.42,A.48). For
faster attractors, A>ιa , there is r
−
mso < C
+ implying that these two surfaces are
always separated. Whereas for slower attractors the situation is different and
collision could take place for |`| sufficiently high, according to Eq. (A.47) and
Eq. (A.30).
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increases with the spin (this fact might be expected also from
general considerations about the influence of the spin of the
black hole on the `countarrotating couples, discussed in more
points here and in detail in Pugliese&Stuchlík (2015)).
It is also possible to provide a rough estimation of the dis-
tance r+mbo − r−mso as minimum spacing, but the infimum of this
spacing, for this class of attractors, is reached in the geome-
try a = aιa . Therefore, this property may be used as tracing to
identify the spin class the attractor belongs to.
One can also read this situation in the following way: for
higher spins, the topologies Cx of order n = 2, with the couple
C−x < C+, could not be possible, and therefore a geometric (and
consequently a causal) correlation cannot occur in this couple
whose sub-configuration will evolve independently, at least un-
til the outer counterrotating configuration will not change topol-
ogy. However, Eqs (A.1,A.2,A.3) prohibit the penetration of
r−mbo in the corotating disk.
For the counterrotating disk in open topologies, with K1+ ∪
L2+, there is the instability point r+J ≤ r+mbo, and matter collision
can occur as described in the point III C−x ≺ O+x .
We can conclude that at higher spin a correlation between the
outer counterrotating matter and the inner disk in accretion (as
λx = sup λ, a fortiori this will be true also for a possible inner
closed and regular topology) occurs if the outer configuration is
open, ()+ = O+x (we note that r
+
x > r
+
mbo for the cusped closed
configuration). Finally this analysis is completed in Appendix
A.3 with the discussion of the location of r∓γ in the ()± configu-
rations.
4.4.3. State III: The C− − A+ systems
These couples are described by the conditions
C− < C+x (r
−
min < r
1+
min) r
+
x ≥ r−out, (32)
L = Li− ∪ L1+ K = K<− ∪ K1+Max.
It is clear that in this case a correlation in the couple C− < C+x
must exist, for the outer disk C+x is accreting on the attractor
and therefore a collision with the inner C− corotating disk will
certainly occur.
This couple could even be considered as a precursor of an
`counterrotating A − A couple, as analyzed in Eq. (28), where
it was proved that C−x ≺!C+x ∀a ∈]0,M], or also of a A − J con-
figuration, considered as point III, where C−x ≺ O+x , implying
the outer configuration opening in proto-proto-jet.
Decreasing the specific angular momentum −`+ ∈ −L1+, or
increasing K− ∈ K0 or `− for the topology C−, the spacing
between the two surfaces will in general decrease as ∂|`|rMax <
0, ∂|`|rmin > 0 and ∂|`|rxout > 0.
For the conditions in Eq. (32), it has to be r−mbo < r
−
in < r
−
min <
r−out < r+x < r+min, with r
−
mbo < r
+
mbo < r
+
x . Therefore it is im-
portant to consider the relative position of the radii r±mso and
r+mbo ∈ C−.
This has been partially faced in Pugliese&Stuchlík (2015)
and addressed in detail in this article in Appendix A.2 by
Eq. (A.60). From Eq. (A.3) if follows that r+mbo < C
+
x , thus we
can certainly find separated couples C− < C+x (meaning here
r−out < r+x ) in the geometries A>ιa , where in fact r
+
mbo ∈]r−mso, r+mso[,
and one can find a sufficiently small momentum `− ∈ Li− for
rcent ∈]r−mso, r+mbo[.
However in this case we need to deal also with the location of
the outer boundary of the inner corotating disk C− to establish if
configurations C− with r−out < r+mbo are possible. This condition
is sufficient but not necessary for the separated disks. We ad-
dressed his problem in Eq. (A.69), which ensures the validity of
this result for fluids with momentum `− ∈ L1− and, in the other
cases, for different classes of attractors. Here we introduce the
general idea behind the main arguments.
As discussed in Appendix A.2, we need to distinguish the
class of attractors A<ιa at a ∈ [0, aιa ] and A>ιa with a ∈]aιa ,M]
respectively.
In general, if ` = `−mso+` then r−min = r
−
mso+rmin , where rmin =
rmin (`) > 0 and ` > 0 (analogously for the maximum points
with Max < 0, and in general rmin , rMax (Pugliese&Stuchlík,
2015), thus ensuring the disk is small enough or placed far
enough from the marginally bounded orbit, as r−in < r
+
mbo, in
the geometries A<ιa , and r
−
out > r
+
mbo for A
>
ιa
.
Thus K− could be sufficiently small to consider r+mbo < C
−,
but this must imply `− ∈ L1− (from the definition of L1−).
On the other side, increasing `− towards `−(r+mbo), see
Fig. A.10, the center with maximum hydrostatic pressure ap-
proaches r+mbo at a > aιa , or the minimum of the pressure for
attractors A<ιa . The ring has to have a K− parameter smaller and
smaller to ensure the disk does not include r+mbo. Therefore, we
can say that these disks not including r+mbo, are nor favored at
low K for low specific angular momentum.
For attractors with a ∈]0, aιa [, an increase of the spin acts
against the formation of these configurations, that are favored
instead for higher spins, and thus also the larger K for the mul-
tiple configuration, according to the analysis of Eq. (A.69).
Indeed, r−mso < r−min < r
−
out < r
+
x < r
+
mso and r
+
mbo < r
+
x . Thus
one can always find an −`+ ∈ −L1+ sufficiently small, and a
small `−, accordingly to allow a separated couples.
The decompositions of higher order than n = 2 would be pos-
sible, for example, with an inner `corotating sequence of coro-
tating disks in equilibrium, and one outer with respect to C+x ,
formed by corotating or counterrotating fluids in equilibrium.
4.4.4. State IV: The A+ − C− systems
These systems are defined by the relations:
C+x < C
− (r1+min < r
−
min) r
−
in ≥ r+out, (33)
L = Li− ∪ L1+ K = K<− ∪ K1+Max.
In this case the outer disk is C− in equilibrium, and the coun-
terrotating inner disk is in accretion. It has to be r+mbo < r
+
x <
r+mso < r
+
min < r
+
out ≤ r−in < r−min. These configurations have also
been discussed in details in Pugliese&Stuchlík (2015).
A geometric correlation between the two configurations is
possible, and therefore a causal correlation, as a consequence
of a shift inward of the outer disk, due to lost of specific angu-
lar momentum or to an increase of K− ∈ K0, with the fixed
center but longer elongation. An increase of specific angu-
lar momentum magnitude −`+ ∈ −L1+, would also produce
a shift outward of the outer margin r+out. Eventual emergence
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of an instability of the disk in regular topology C−, leading to
the couple C+x < C
−
x , cannot occur but following the collision
with the inner counterrotating disk C+x already in accretion (as
r+mso < r
−
mso).
In fact, Eq. (28) holds, indicating that C−x ≺!C+x and there-
fore C−x  C+x , from which it results that the couples C+ − A−,
according to the definition Eq. (29), could not evolve into the
topology A+ − A−. For the faster attractors, a > aℵ1 , such a
kind of couple is forbidden for the geodesic structure of the
spacetime and, for the slower attractors, a < aℵ1 , from the con-
dition of non-penetration of matter.
As we have mentioned above, a further possibility of corre-
lation occurs for the action of the inner unstable configuration,
due to increasing specific angular momentum −`+ ∈ −L1+ and
consequently increasing K+, with a consequent shift outward of
the center of maximum pressure and of the outer boundary.
As can be seen from Fig. 4, these couples can be always pos-
sible, within the necessary condition r+mso < C−, if `− is suf-
ficiently large and K sufficiently close to the minimum (lower
density), with `+ ∈ L1+ low enough (in magnitude) for the non-
penetration of matter condition will be satisfied. We can specify
these limits considering Eqs (A.57, A.58 A.59).
By referring to Fig. A.10, we need to distinguish between the
attractors A˘<∗ with spin a < a˘∗, and the geometries of the faster
attractors A˘>∗ with a > a˘∗. Together with the further restriction,
for increasing `− and decreasing −`+, to avoid the condition
rx+out ∈ C−, uniquely fixed by the specific angular momentum `+.
In any case, we still consider the non-penetration of matter from
the outer Roche lobes of the two configurations as described by
the second relation of Eq. (32).
4.5. The `counterrotating equilibrium disk-proto-jet (C-J) sys-
tems
We will consider a couple formed by an equilibrium config-
uration and a configuration opened in proto-jet.
As specified in Sec. (4.2) and Sec. (4.4), multiple surfaces
formed by couple seed, shall contain two `corotating sequences
at equal topology. In general, at constant κ, the density of the
inner sequence with regular and closed topologies will be small
particularly at high spin a/M for co-rotating fluids. Below are
discussed several limitations and considerations on the possible
orbital extension for such sequences. The following four cases
occur:
4.5.1. Case I: The C+ − J− systems
This case is described by the condition
C+ < O−x (r
+
min < r
−
min) with r
+
out  r−J and
r+in ≥ r−J , L = Li+ ∪ L2−, K = K0+ ∪K1−, (34)
that is, in order to avoid any overlap of material, and consid-
ering the geodesic structure of the spacetime as in Fig. 4, the
equilibrium C+ disk has to be entirely contained in the region
r > r−J , but with r
+
min < r
−
min, as it comes from the definition
C+ < O−x . This is in contrast with the state C− < O+x , analyzed
in Eq. (36), where there is still a closed inner configuration.
Therefore r−J < r
−
mbo < r
+
mbo < r
+
in < r
+
min < r
+
out, the third
inequality is a consequence of Eq. (A.1,A.2,A.3) and r−cent >
r+mso.
The couples of Eq. (34) could be always geometrically sep-
arated. However, the closed C+ configuration cannot change
topology towards the transition C+ > J+ as this would imply
a transition where the closed configurationf changes topology
creating a couple J− − J+ or J− − A+ considered above. In any
case, it has to be r−J < (r
+
J < r
+
min) < r
−
min or r
−
J < (r
+
x < r
+
min) <
r−min. The first inequality is to avoid any penetration of matter,
starting the initial condition Eq. (34), the last one follows the
definition of the specific state of the decomposition, more prob-
ably to be formed at spins a > aι and a > aιa , as it follows from
the geodesic structure in Fig. 4.
4.5.2. Case II: The J− − C+ systems
We consider the couple
O−x < C
+ (r−min < r
+
min) with r
+
out  r−J (35)
and r+in ≥ r−J , L = Li+ ∪ L2−, K = K0+ ∪K1−.
Since r−J < r
−
mbo < r
−
mso < r
−
min < r
+
min, the counterrotating
closed configurations are separated and remain separated dur-
ing its evolution (at fixed topology) from the inner (using the
criticality index) corotating proto-jet.
Therefore, in both the cases, I for the C+ − J− systems, and
II- for the J− − C+ systems, the outer disk is in equilibrium and
the two configurations are geometrically separated.
In this case it has to be r−J < (r
+
J < r
−
min) < r
+
min or r
−
J < (r
+
x <
r−min) < r
+
min.
For these cases to be fulfilled, it must be guaranteed that
the specific angular momenta `± are ensuring the relations
above; we know then that it has to be `− < −`+, see also
Pugliese&Stuchlík (2015) and Fig. 4.
4.5.3. Case III: The C− − J+ systems
This state is described by the conditions:
C− < O+x (r
−
min < r
+
min) with r
−
out ≤ r+J or
r−in ≥ r+j L = Li− ∪ L2+, K = K0− ∪K1+. (36)
This couple, as in Eq. (34), includes by definition a closed
and regular inner surface. In contrast with the cases defined in
Eqs (34,35), which are bound in r−out  r+J , by the condition of
non-penetration of matter. The state considered here is instead
possible as an alternative to the relation r−in ≥ r+J . This means
that the corotating disk in equilibrium can be entirely contained
in r > r+J .
This couple can always exist in any geometries but, as in
A<ιa , we have r
+
J < r
+
mbo < r
−
mso < r
+
mso < r
+
min. To avoid any
penetration of matter, the configuration should be contained in
the region r > r+J . Thus r
−
out > r
−
in > r
+
J , but there could be a
geometric correlation and indeed it can even be r−in = r
+
J .
On the other side, for attractors A>ιa , there is r
−
mso < r
+
mbo and
in this case the corotating ring can be outer or inner to the re-
gion r < r+J . There could be geometric correlation, and indeed
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it could be even r+out = r
+
J . The existence of a geometric corre-
lation should be considered according to the limits provided by
the analysis of Appendix A.2 and Appendix A.3.
4.5.4. Case IV: The J+ − C− systems
The following conditions hold:
O+x < C
− (r+min < r
−
min) with r
−
out  r+J (37)
and r−in ≥ r+J , L = Li− ∪ L2+, K = K0− ∪K1+.
In this case the corotating ring is located in the region r > r+J ,
and the surfaces of the couple are geometrically separated, gen-
erally by the distance ]r+mbo, r
−
mbo[. The situation is clearly artic-
ulated as it depends on the geodesic structure of spacetime, and
therefore it differentiates various classes of attractors.
Using the results of Appendix A, and considering the limit-
ing spins introduced in the analysis and in Fig. 4, we can sum-
marize the situation as follows:
1. At a < aι, we have r+γ < r−mbo < r
+
mbo < r
−
mso < r
+
mso <
r+min < r
−
min. But r
+
J ∈]r+γ , r+mbo] and r−mbo ∈]r+γ , r+mbo] < C−.
Using Eqs (A.6,A.10,A.11) and Eqs (A.13,A.14), we can say
that, for ` large enough, and then the minimum point r+min far
enough, and large K−, the radius r−mso can approach the inner
edge of the disk (considering also L3−).
This means that they will be separated by the range
[r+mbo, r
−
mso]. This is confirmed by Eq. (A.60) and Eq. (A.63)
where a similar argument is carried out for the other cases.
2. For a ∈]aι, aιa [, one has r−mbo < r+γ < r+mbo < r−mso < r+mso <
r+min < r
−
min thus, by increasing the spin of the attractor, the con-
straints should be less stringent reducing to the only inclusion
r+mbo ∈ C− and r−mso ∈ C−. In this case, one has to consider
properly large specific angular momenta `− and K− parameter,
because an inclusion relation may be then satisfied, in accor-
dance with the above analysis.
At a ∈]aιa , a−γ+ [, see Fig. 4, we find r−mbo < r+γ < r−mso < r+mbo <
r+mso < r
+
min < r
−
min. The only condition to be insured is r
+
mso <
C−. For even higher spin, A>ιa , which includes the extreme case,
there is r−mbo < r
−
mso < r
+
γ < r
+
mbo < r
+
mso < r
+
min < r
−
min. It remains
to establish the condition r+mso < C
−, but also r+γ < C−.
The inclusion condition with respect to the photon orbit have
been investigated in Appendix A.3, and therefore we have to
adhere to the conditions in (A.75,A.76).
This analysis confirms that the geometrical correlation, for
the contact in r+J ≈ r−in, can occur only in specific circumstances,
by narrowing both the set of geometries and the range of the
fluid specific angular momentum.
Finally, the equilibrium surface is subjected to a change of
topology, ending in a critical phase, for example in O−x or C−x .
However, the formation of such a couple from the initial phase
in Eq. (37) O+x < C
−, with r+min < r
−
min, and r
−
x ≥ r+J or r−J ≥
r+J , or equivalently O
+
x  ()−x , is regulated by the conditions in
Eqs (20,21) and Eq. (26) respectively.
5. Phenomenology and observational evidence of RADs
RADs are agglomerates of several accretion tori orbiting
very compact objects, following the possibility that several ac-
cretion disks can form around very compact objects as SMBHs
(106 − 109M, M being solar masses) in AGNs embedding.
For these very compact objects the curvature effects are rele-
vant and the host can provide for a very rich and active BH
environment. RAD may be originated after different accre-
tion phases in some binary systems or BH kick-out, or by lo-
cal clouds accretion. Concerning the accretion emergence, the
maximum number of accreting disks orbiting around one cen-
tral Kerr BH is n = 2. A double accretion can be observable
only as a couple C−x < C+x (see Fig. 1), around all Kerr BHs
(a , 0). The couple is subjected to constraints provided here
on the fluid angular momentum range (`-parameter) and den-
sity (K-parameter)–see also Pugliese&Stuchlík (2017b). How-
ever, some “screening”-configurations for such accreting cou-
ples can form, constituting a more articulated RAD system
(xx) : C−x < C− < ... < C+x < C±, with only corotating non-
accreting disks between the two accreting tori. Eventually this
demonstrates that a screening disk must be always a corotating
(non-accreting) torus. These special configurations may be de-
tectable for example as X-ray spectra emission obscuration. On
the other hand, if a counterrotating torus is accreting onto the
central BH, then a RAD with a corotating outer torus towards
the accretion (i.e. C−1 ), can be observed only as an aggregate of
the kind (x) : ()−x < C+x < C−1 < C
±, and orbiting around “slow”
BHs with a < 0.46M. We note that, if the inner torus is C−x ,
then a configuration (x), or with a string of configurations ()−x <
C+x < C
−
1 < C
±, reduces to a special case of (xx) RAD, that
is of the kind C−x < C− < ... < C+x < C± (Pugliese&Stuchlík,
2017b). This also implies that, during the evolution of the outer
corotating torus towards accretion, no such couple can form,
prior the emergence of tori collision, eventually reducing the
actual possibility to observe a counterrotating accreting disk, in
the RAD context, and tightening it to the BH-RAD early phases
of evolution-see also Pugliese&Stuchlík (2017b).
A further relevant aspect of this investigation is to support the
need, endorsed also by several other studies, of a more general
framework of analysis envisaging the BH-disk system as an in-
tegrated whole. Evidences of this fact are the ongoing debates
on the jet-accretion correlation, the issues of the BH accretion
rate-disk luminosity, BH growth - accretion disk, and BH-spin
shift-accretion disk correlation.
Results of our analysis, moreover, show the importance
of proto-jet-accretion correlation, envisaged here as (J-A)-
correlation—Secs (3.2,3.3) and Sec. (4.2). Proto-jets are
narrow, relatively fast, long matter funnels (McKinney et
al., 2013; Lovelace et al., 2014; Marscher et al., 2002;
Maraschi&Tavecchio, 2003; Chen et al., 2015; Yu et al., 2015;
Zhang et al., 2015; Sbarrato et al., 2014; Coughlin&Begelman,
2014; Maitra et al., 2009; Ghisellini et al., 2014; Fragile et
al., 2012; Miller et al., 2012; Abramowicz&Sharp, 1983; Sad-
owski&Narayan, 2015; Okuda et al., 2005; Ferreira&Casse,
2004; Lyutikov, 2009). Findings of Secs (3.1,4.1) suggest the
possibility to detect structured proto-jets as sequences of jet-
like configurations (or jet-bundles), constrained in spacings and
relative fluids rotation.
Appendix A specifies the more general statement accord-
ing to which the inner edge of an accreting torus is located
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in rx ∈]rmbo, rmso[ (Krolik&Hawley, 2002; Bromley et al.,
1998; Abramowicz et al., 2010; Agol&Krolik, 2000; Paczyn´ski,
2000). We bounded the location of the accretion disk cusp to the
variation ranges of the `-parameter and in accordance with the
torus evolutionary phases and the RAD structure. In turn, in this
analysis, we narrowed down the location of the single accretion
torus inner edge, showing the strong connection between RAD
structures and BH spins–see also Pugliese&Stuchlík (2017c).
A further phenomenological application of these studies, al-
ready mentioned in Pugliese&Stuchlík (2015), regards the pos-
sible connection between RADs seismology and QPOs - the
pattern of the possible oscillation modes of the tori aggregate
has been provided and related to the evolution of instabili-
ties in RAD. QPOs are low and high frequency peaks in the
power density spectra, studied in missions like XMM-Newton
(X-ray Multi-Mirror Mission)22 or RXTE (Rossi X-ray Tim-
ing Explorer)23. Each torus of the aggregate considered here,
has its own axisymmetric and incompressible modes which
have been variously associated with the QPO emergence. For
global oscillations of slender tori in the radial and vertical di-
rections, their frequencies are determined by combinations of
the geodesic epicyclic frequencies - for details see Stuchlik et
al. (2013). In the RADs case, these modes have to be combined
with the stratified structure of the RADs and its own modes, fi-
nally leading to an alteration of the macrostructures elongations
and spacings.
In any case, the internal structure of the RAD presents a rich
multiplicity of situations and different working frameworks. It
is clear that in many aspects the physics of BHs and its host
galaxy would be altered by the relevance of the RAD argument
in support of the hypothesis of a more complex BH-accretion
disk system, than is commonly considered. RAD accretion in
galaxy may produce radiative power outshining the host galaxy
itself (note that the AGNs accretion disk is encircled by a thick
(outer) torus of gas and dust). On the other hand, AGN are
generally characterized by very fast jets (almost speed of light),
which might be connected with an inner RAD disk jet launch.
A RAD structure analysis demands for an accurate deter-
mination of the processes timescales to determine the RAD
evolution timeline. This issue was detailed discussed in
Pugliese&Stuchlík (2017b), where a RAD of the order n = 2
was considered as an `corotating or `counterrotating couple.
This analysis was performed as part of the broadest investiga-
tion on the tori collision emergence. In fact, the complexity and
variety of the processes characterizing the tori agglomerate can
be actually contained in a few evolutionary patterns, heavily de-
pending on the initial data of the single component of the aggre-
gate. The RAD timescales were shown then to strongly depend
on timescale of tori formation more then from the instability of
each torus. Different situations are distinguished according to
the relative fluids rotation and the rotation of the RAD inner
torus with respect to the central SMBH. These studies show
how, for some couples, an expected final collisional phase oc-
curs, eventually followed by a tori merging with a modification
22http://sci.esa.int/science-e/www/area/index.cfm?fareaid=23
23http://heasarc.gsfc.nasa.gov/docs/xte/xtegof.html
of the RAD internal structure, or a drying-feeding effect with
rising of oscillatory modes. Couples (x) and (xx), are examples
where one of the tori approaches the instability, while the evo-
lution of the outer corotating torus inevitably leads to the col-
lision. This situation ultimately ends up constraining the BH
evolution itself in its environment.
Concerning then the disk process timescales in the aggregate,
these depend-on and determine the tori model characteristics
(as thickness, opacity, accretion rates or instabilities). The de-
termination of the RAD timescales should be made by com-
bining the analysis of each RAD component timescale with
the RAD internal oscillation. For the geometrically thick con-
figurations considered here, it is generally assumed that the
timescale of the dynamical processes, τdyn, (regulated by the
gravitational and inertial forces, the timescale for pressure to
balance the gravitational and centrifugal force) is much lower
than the timescale of the thermal ones, τthe, (i.e. heating and
cooling processes, timescale of radiation entropy redistribu-
tion) that is lower than the time scale of the viscous processes,
τvis, and the effects of strong gravitational fields are domi-
nant with respect to the dissipative ones and predominant to
determine the unstable phases of the systems (Font&Daigne,
2002b; Igumenshchev, 2000; Abramowicz&Fragile, 2013), i.e.
τdyn  τthe  τvis. Thus the effects of strong gravitational
fields dominate the dissipative ones, grounding the assumption
of perfect fluid energy-momentum tensor–see also Abramow-
icz&Fragile (2013); Paczyn´ski (1980). Moreover, during the
evolution of dynamical processes, the functional form of the
angular momentum and entropy distribution depends on the ini-
tial conditions of the system and on the details of the dissipative
processes: the entropy is constant along the flow and, accord-
ing to the von Zeipel condition, the surfaces of constant an-
gular velocity Ω and of constant specific angular momentum
` coincide (Abramowicz, 1971; Chakrabarti, 1990, 1991; Zan-
otti&Pugliese, 2014), implying the rotation law ` = `(Ω), inde-
pendently by the equation of state (Lei et al., 2008; Abramow-
icz, 2008). Eventually, this model describes an opaque and
super-Eddington, radiation pressure supported accretion disks
cooled by advection with low viscosity, where proto-jet con-
figurations are funnels of material with highly super-Eddington
luminosity.
Despite the fact that the RAD model we used is based on ag-
gregates of thick tori, actually the major significance of RAD
presence in BH host environment should emerge from the
“macrostructure-scale”, to be considered in some extents quite
independently of the single torus model. RAD can be made by
aggregate components with very different models, according to
the different evolution processes advocated for each torus ori-
gin. In this respect, the macrostructure morphology is more
decisive, for the point of view of the RAD-BH system phe-
nomenology, than the model for the each component.
In the following, we briefly consider different observational
spots expected to be associated with the RAD, and strongly de-
pendent of the RAD morphology. Firstly, RAD blends the ge-
ometry of a thin disk (the RAD is generally a geometrically
thin disk as demonstrated in Pugliese&Stuchlík (2015)) with
the specific characteristics of a geometrically thick disk (for
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example, high accretion rates), together with a stratified inner
structure, a differential relational law and a knobby, although
axial-symmetric, disk surface (Pugliese&Stuchlík, 2015). In
this sense, the macrostructure disrupts the usual “disk-model”-
“disk geometry” correlation, especially as regard of the assess-
ment of the accretion rate. First important consequence of this
mix of different elements is in the possibility of episodic ac-
cretion phases, with super-Eddington accretion rates. This dis-
tinctive feature can enter into the debate on the SMBHs origin,
combining however with drying-feeding processes and screen-
ing effects. The already mentioned possibility of structured
proto-jet bundles and possible evidences in the QPOs analysis
are other important fields of application.
On the other hand, from the observational view-point, the
need for such multiple systems is actually already stated in the
literature, for example in the analysis of screening effects of X-
ray emission supposed so far to be induced by some “bubbles”
of material orbiting between an accreting disk and its central
attractor (Marchesi et al., 2016; Gelli et al., 2007; Marchesi
et al., 2017; Masini et al., 2016; DeGraf et al., 2017; Storchi-
Bergmann et al., 2017). Results of our investigation, therefore,
strongly advocate for a framework shift in the screening X-ray
emission study, which is here traced back to the only cases (x)
and (xx). More generally, the X-ray emission investigation can
provide an accurate description of the spectral features of the
RADs structure. We expect that the tori spacings (λ¯) and the
RAD knobby surface would leave traces in a stratified emission
spectra. The X-ray emission from AGNs has been variously as-
sumed to be related to accretion disk instabilities and surround-
ing corona. This spectra profile should provide a fingerprint of
the ringed disk structure, possibly as a radially stratified emis-
sion profile. The simplest structures of this kind are thin radiat-
ing rings (Schee&Stuchlik, 2009, 2013; Sochora et al., 2011).
Future X-ray spectroscopy may reveal the BH accretion ring
models as relatively indistinct excesses on top of the relativis-
tically broadened spectral line profile Sochora et al. (2011),
arising in a well-confined radial distance in the agglomerate–
(Pugliese&Stuchlík, 2015, 2016a; Pugliese&Stuchlík, 2017b).
In Karas&Sochora (2010) extremal energy shifts of radiation
from a ring near a rotating BH were particularly studied: radi-
ation from a narrow circular ring was proved to show a double-
horn profile with photons with energy around the maximum or
minimum of the range. This energy span of spectral lines is a
function of the observer’s viewing angle, the black hole spin
and the ring radius.
Eventually, RADs might represent an environment of the
episodic accretion phases advocated as explanation of the
SMBHs origin from (intermediate or low mass) BH seeds. For-
mation and evolution of SMBHs, especially at cosmological
distances (redshift z ≈ 6), is still an open topic in High En-
ergy Astrophysics. One of the key issues is the identification
of the different processes associated with the SMBHs origin
with very large masses (Volonteri et al., 2007; Volonteri, 2007,
2010; Li, 2012; Oka et al., 2017; Kawakatu&Ohsuga, 2011).
Note that recently another fundamental alternative of direct cre-
ation of SMBHs has been proposed in Stuchlík et al. (2017b),
being based on gravitational instability of central region of the
so called trapping relativistic polytropes that could model dark
matter galactic halos (Stuchlík et al., 2016).
It should be noted then, that the evaluation of the SMBHs
spin is strictly correlated with the “masses-problem”. The as-
sessment of the precise value of the spin parameter of the BH
is connected with the evaluation of the main features of the BH
accretion disk system, as the BH accretion rate or the location
of the inner edge of the accretion disk. Several processes have
been proposed and analyzed: for example, BHs characterized
by long and continuous accretion episodes arising due to merg-
ing, and involving a relevant spin-shift process (especially in
elliptic galaxy), or sequences of small and random accretion
episodes occurred after different situations as cloud accretion
or also tidal disruption of a star companion (especially in spi-
ral galaxies). These two different situations would, however,
lead to two relatively different populations of BHs with differ-
ent masses. Collapse from stellar-mass black holes, BHs merg-
ers, accretion of some gas-clouds with low radiative efficiency,
are other proposed evolutive patterns. SMBHs, originated from
some “seeds” (104 − 102M) with different evolutive patterns,
generally depend on the seed initial mass and on the BH en-
vironment, needing enough matter for accretion, proper pro-
cesses timescales, and large initial angular momentum of the
accretion disks. An alternative then consists of a succession
of accretion episodes from misaligned disks with randoml BH
spinning-up and spinning-down, or also a sequence of turning-
on and turning-off of super-Eddington accretion phases inter-
spersed with sub-Eddington phases24.
The RAD agglomerates, due to their stratified inner structure,
are a source of episodic accretions, combined with the effects
of tori collisions, accretion obscuration and drying-feeding pro-
cesses. The macrostructure stands then as promising arena of
investigation for SMBH formation, following accretion from
multi-disks of (x) and (xx) configurations. Efficiency of the
RAD and its luminosity are not uniquely determined by the
inner accreting disk, in fact our investigation shows here evi-
dences that the aggregate structure falsifies this hypothesis, by
considering the possibility, albeit restricted to cases (x) and
(xx), of screening effects and alternated phases of accretion
and collision. Many of the mentioned aggregate characteristics
can be easily evaluated under the hypothesis of the thick torus
components–see for example Abramowicz (2004); Abramow-
icz&Straub (2014); Abramowicz et al. (1978); Jaroszynski et
al. (1980); Abramowicz (1985, 2004); Abramowicz&Fragile
(2013). We can provide a quantification of the key parameters
in a special case of RAD. This will allow us also to evaluate
some trends and determine special aspects of problem space-
scales. Considering polytropic fluids with pressure p = κ%1+1/n,
we can evaluate many of the RAD characteristics, as the RAD
thickness (h) and elongations (λ), tori spacings (λ¯), through an
24A super-Eddington phase may have very low efficiency in converting mass
into radiation. We note that the efficiency of a thick torus with rx ≈ rmbo
is nearly zero (indeed in the RAD model such a torus is subjected to special
boundary conditions). This is a general relativistic effect, the binding energy
decreases as the inner boundary of the disk moves inwards inside the marginally
stable orbit towards rmbo, where Embo = 1.
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assessment of the K-parameter only (Pugliese&Stuchlík, 2015).
For a single torus, calculations of its polytropic structure can
be found in Stuchlik et al. (2009). Furthermore, we can also
provide an estimate of the mass-flux, enthalpy-flux (evaluating
also the temperature parameter), and the flux thickness–see for
example Abramowicz (1985). All these quantities have form
O(rx, rs, n) = q(n, κ)(Ws − Wx)d(n), where q(n, κ) and d(n) are
different functions of the polytropic index25, W = lnVe f f is
Paczynski-Wiita (P-W) potential of Eq. (6), Ws ≥ Wx is the
value of the equipotential surface, which is taken with respect to
the asymptotic value. Consequently, the determinant parameter,
in this analysis is K : W∗ = lnK∗ for any radius r∗. Therefore,
as the cusp approaches the limiting radius rmbo, the potential
Wx ≈ 0, which is the limiting asymptotic value for very large r.
The mass flow rate through the cusp (mass loss, accretion rates)
M˙x and the cusp luminosity Lx (and the accretion efficiency η),
measuring the rate the thermal-energy is carried at cusp, are26
asP = O(rx, rs, n)rx/ΩK(rx). In fact the relativistic frequency Ω
reduces to the Keplerian value ΩK at the edges of the accretion
torus, where the pressure forces vanish–see also Figs 8 and 9.
A throughout investigation of these quantities for the RAD
couples, considered here, is planned for a future analysis, in
connection with the analysis of the SMBH accretion rates. We
provide here some general considerations for a (xx) couple. For
this purpose, we can consider the couple (xx) or C−x < C+x < C−
of Fig. 1, where there is (a = 0.38M, `−o = 3.99, `+o = −3.99,
`−i = 3.32). We do not consider the outer corotating non-
accreting torus C− of the triple system. Notice that in this
triple `counterrotating system, the outer C− disk is not con-
strained to a higher height with respect to the internal disks,
or any equilibrium disk or an `counterrotating accreting cou-
ple has no special constraints on the relative height of the
tori. This obviously implies a very wide set of possibilities
for a knobby RAD disk. Then, we can evaluate the tori cen-
ter (rcent), the cusp location (rx), the outer margin (rout), the
torus elongation on the equatorial plane (λ), the torus height
(h), and the tori spacings (λ¯) as follows: for the counterro-
tating torus, C+x , there is (r
+
cent = 7.8195M, r
+
x = 6.645M,
r+out = 8.60278M, λ
+ = 1.95744M, h+/2 = 0.267283M), for the
corotating torus,C−x , there is (r−cent = 5.29868M, r−x = 4.1907M,
r−out = 6.18481M, λ− = 1.99412M, h−/2 = 0.364584M). In this
specific case, the RAD aggregates a set of small tori. Neverthe-
less, a (xx) couple can be observable orbiting any Kerr BH, and
the larger is the BH dimensionless spin the bigger the tori can
grow, while a larger spacing is required. An immediate eval-
uation shows that the maximum spacing possible for a double
accreting tori is λ¯max . 8M, in the case of an extreme Kerr
BH where a ≈ M. Spacing for the (xx) couple of Fig. 1 is
25More precisely we can say that Enthalpy − flux = D(n, κ)(Ws − W)n+3/2,
Mass − Flux = C(n, κ)(Ws − W)n+1/2, while Lx/L = B/A(Ws − Wx)/(ηc2)
stands for the fraction of energy produced inside the flow and not radiated
through the surface but swallowed by central BH. Efficiency η ≡ L/M˙c2, L
representing the total luminosity, M˙ the total accretion rate where, for a station-
ary flow, M˙ = M˙x (Abramowicz, 1985).
26There is Lx = B(n, κ)rx(Ws −Wx)n+2/ΩK (rx), accretion rate for the disk
is m˙ = M˙/M˙Edd , while M˙x = A(n, κ)rx(Ws −Wx)n+1/ΩK (rx) (Abramowicz,
1985).
λ¯ ≡ rox − riout = 0.460526M (Note that the space-scales are in
units of SMBH masses)– (Pugliese&Stuchlík, 2015). To real-
ize the significance of this data we should note that the spacing
parameter λ¯ is of essential importance for determination of tori
collision, the aggregate oscillation and in the analysis of the
stratified RAD X-ray emission spectra. We also recall that only
this case (xx) screening effects are only possible for the coro-
tating tori as follows C−x < C− < ... < C+x < C±. In the next
session, we summarize the final methodological considerations
and future perspectives of this work.
Figure 8: Upper panel: Paczynski-Wiita (P-W) potential W± of Eq. (6) as func-
tion of r/M (W = lnVe f f ), for the tori of the couple C−x < C+x of Fig. 1
respectively, where a = 0.38M, `+o = −3.99 and `−i = 3.32. Bottom panel:
Nmbo ≡ rx(Wmbo −Wx)κ(ΩK (rx))−1 as function of a/M. ΩK (rx) is the the Ke-
plerian angular velocity at the cusp rx, rmbo is the marginally bounded orbit.
κ = n + 1 = 4 has been fixed for an adiabatic fluid with polytropic index 4/3.
Inside panel: difference (W±mbo − W±mso) (maximum location of inner edge is
rx / rmso), as function of a/M. Quantities are evaluated at fixed `+o and `−i .
Dashed line is for the accreting torus C+x , black line is for the C
−
x torus.
6. Conclusions
The systems investigated here offer several methodological
and observational challenges. Describing a set of virtually sep-
arated tori orbiting one attractor as an entire configuration, re-
quires a certain number of assumptions. We distinguish three
periods of BH-ringed accretion disk life: the first featuring tori
formations, a second facing the accretion of one or two tori onto
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Figure 9: Left panel: Parameter K± ≡ expW± at the fluid critical specific angular momentum `± for the counterrotating and corotating fluids respectively, as
function of a/M ∈ [0, 1[ and the radius r/M ∈ [r±mbo, r±mso]. W± is the Paczynski-Wiita (P-W) potentials. N±∗ ≡ r∗(W±mbo −W±∗ )κ(ΩK (r±∗ ))−1 at r∗ = r±x (Center panel)
and r∗ = r±mso (Right panel) as function of a/M and κ = n + 1, where γ = 1/n + 1 is the polytropic index, for corotating (yellow surfaces) and for counterrotating
(black surfaces) fluids. ΩK is the Keplerian angular velocity, rx is the cusp, rmbo is the marginally bounded orbit. The maximum location of inner edge is rx / rmso.
Quantities are evaluated at fixed `+o = −3.99 and `−i = 3.32–see also Fig. 8.
the central BH and the eventually emerging of tori collisions.
Picturing these situations is clearly a risky and complex task.
From observational view point we believe our results may be
of significance for the High Energy Astrophysics: these multi-
configurations may be at the root of phenomena eventually de-
tectable by the planed X-ray observatory ATHENA, such as the
shape of X-ray emission spectra, the X-ray obscuration and ab-
sorption by one of the ring, and the extremely energetic radia-
tive phenomena in quasars and AGNs. The phenomenology
associated with these systems may be very wide. We note that
the presence of such structures is capable to substantially mod-
ify the single disk scenario, which has been effectively taken
so far as the common ground of the High Energy Astrophysics
connected with the accretion onto BHs. Explanation of some
of the most intriguing and unveiled issues of BH physics inter-
acting with matter may be reset in this new framework. The
single torus paradigma would be then just seen a limit or spe-
cial case related to an evolutive phase of BHs life in their
Host. The existence of these objects clearly opens an incred-
ible amount of possibilities to be investigated. As pointed in
Pugliese&Stuchlík (2015); Pugliese&Stuchlík (2017b), tori in-
teractions or oscillations can be associated to a variety of phe-
nomena with relevant energy release. The radially oscillating
tori of the ringed disk could be related to the high-frequency
quasi periodic oscillations observed in non-thermal X-ray emis-
sion from compact objects (QPOs), a still obscure feature of the
X-ray astronomy related to the inner parts of the disk. The pres-
ence of an inner tori may also enter as a new unexpected ingre-
dient in the accretion-jet puzzle, as proposed also in Sochora et
al. (2011); Karas&Sochora (2010); Schee&Stuchlik (2009).
There are evidences suggesting what these structures may
play a major role in Galaxy dynamics and particularly in AGNs.
In fact, there are studies in support of the existence of SMBHs
characterized by multi-accretion episodes during their life-
time in Galaxy cores. Consequently SMBHs life may report
traces of their host Galaxy dynamics as a diversified feeding of
SMBHs. These processes may involve for example repeated
galaxy mergers or also interacting binary BHs, X-ray binaries
or SMBHs binary systems. As consequence of these activities,
matter around attractor could find an equilibrium configuration
as counterrotating and misaligned disks– (Aly et al., 2015; Do-
gan et al., 2015).
In this analysis we specialize our investigation on sequences
of toroidal axi-symmetric (ringed accretion disks) configura-
tions orbiting in the equatorial plane of a central Kerr black
hole. From methodological view point, the ringed disks evo-
lutions should arise from the evolution of each torus. Tori in
ringed disk may collide and merge, or, eventually the accret-
ing matter from the outer torus of the couple can impact on
the inner torus, or the outer torus may be inactive with an ac-
tive inner torus accreting onto the BH, or both tori may be ac-
tive. Our analysis shows the occurrence of these situations is
strictly constrained. We discussed also the emergence of the
instability phases for each torus, identifying classes of central
Kerr attractors in dependence of their dimensionless spin. Exis-
tence and evolution of these structures strongly depends on the
black hole dimensionless spin, and the relative rotation of the
fluids. This aspect has important implications on the possible
observational effects providing a perspective on the phenomena
emerging from their dynamics, isolating those situations where
actually these configurations may be chased. Finally, the anal-
ysis carried out here reduces the range of possibilities in the
description of the several possible RAD configurations to de-
termination of the 2n parameters, where n is the number of tori
in the agglomerate, the RAD “order”. The (non-constrained)
parameters are the fluid specific angular momentum `, and the
K-parameter which is related to the torus density and morphol-
ogy. As explained in Section (5), this parameter is directly con-
nected to some of the main phenomenological aspects might
be associated with RAD, as the X-ray emission screening and
the spacings λ¯, that would eventually emerge in an emission
containing a fingerprint of the RAD stratified structure. The K-
parameter enters moreover in the evaluation of the SMBH ac-
cretion rate. Accretion or collision constitute possible scenario
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for the entire ringed disk instability. We feature the constraints
for the emergence of these situations, foreseen in the occurrence
of these disruptive phenomena. These results can then be used
in any numerical analysis of more complex situations, sharing
the same symmetry of one at last disk to set up the initial data
configurations, as it is generally adopted in many GR-HD or
GR-MHD dynamical integrations for the single accretion disk
case.
Appendix A. Location of the notable radii rN in the accre-
tion disks: the location of the inner edge of
the disk
In this section we provide proof of the some assertions used
in Sec. (3) and (4), and a more general discussion of some re-
sults.
We address the issue of the location of the notable radii
rN ≡ {r±γ , r±mbo, r±mso}, defining the geodesic structure of the Kerr
spacetime, with respect to the matter distribution ()± with mo-
mentum in the range Li±.
This is in fact important particularly in the determination of a
possible correlation between the `corotating configurations. We
discuss the case of `corotating matter, investigating the inclu-
sion of r±N ∈ ()± respectively in Appendix A.1.1 and Appendix
A.1.2, and of r±N ∈ ()∓ respectively in Appendix A.2.
It is worth noting here that this investigation actually matches
the broader problematic of the location of the inner edge of the
disk. Indeed, this investigation will often imply, especially for
the inclusion r±N ∈ ()±, a discussion of the location of these radii
with respect to the inner margin of the disk, while the location
of the outer edge turns to be important especially for the dis-
cussion of the r±N ∈ ()∓ case. This analysis will eventually turn
in a set of constraints on the parameters ` and K.
We expect that considerations traced here could be applica-
ble also for more general models where the specific angular
momentum is not constant along the disk 27.
Appendix A.1. Location of the notable radii r±N ∈ ()±
In the following, we discuss the location of the marginally
bounded orbit r±mbo ∈ ()± in Appendix A.1.1. Location of
the marginally stable orbits r±mso ∈ ()± is analyzed in Appendix
A.1.2, whereas the location of marginally circular orbit r±γ ∈ ()±
is considered in Appendix A.3.
Appendix A.1.1. Location of the marginally bounded orbits
r±mbo
We will prove that the marginally bounded orbits r±mbo is not
included in any disk, for any specific angular momentum in the
range Li±, neither in the equilibrium configurations C±i (with
`±i ∈ {L1±,L2±,L3±}) or in accretion Ci±x (with `±i ∈ L1±).
There is indeed r±mbo > r
±
J for `
± ∈ L2±, while for the open
cusped configuration Ox with specific angular momentum ` =
`mbo we have Kmbo = 1 and critical point in located in rJ = rmbo.
27For example it could be ` = `(r, αi), where αi is for a set for parameters,
(Lei et al., 2008).
We will assume, for every `, the radial function Ve f f to be
well defined in rmbo and in all the orbital regions considered in
this analysis. On the other side, if the effective potential is not
well defined in rmbo, as indeed it is in some orbital regions for
` ∈ L3, this is sufficient to prove that the marginally bounded
orbit can not belong to any configuration regulated by that ef-
fective potential.
Appendix A.1.1.1. Configuration C±3 : `3 ∈ L3.
We start by observing that given a radius r¯ located in the orbital
range where there is ∂|`|Ve f f
∣∣∣
r > 0 and V
2
e f f > 0 is well defined
then, being `2 < `3 for any `2 ∈ L2 and `3 ∈ L3, we have
Ve f f (`3)
∣∣∣
r¯ > Ve f f (`2)
∣∣∣
r¯.
But since `mbo = inf L2 = minL2 ≤ `2, we have Ve f f (`3)
∣∣∣
r¯ >
Ve f f (`mbo)
∣∣∣
r¯, then Ve f f (`3)
∣∣∣
rmbo
> Ve f f (`mbo)
∣∣∣
rmbo
= 1, and if
28 r3in = rmbo there is K3 = 1 (here in the following we adopt
the notation ri where i ∈ {1, 2, 3} according to the related fluid
specific angular momentum `i respectively).
In fact, it cannot be r3in < rmbo and therefore rmbo ∈ C3, for
this to happen, it should be K3 > 1, as the effective potential
increases at r < rin without a maximum point.
Therefore we can conclude that:
r3±in > r
±
mbo implying r
±
mbo < C
±
3 . (A.1)
We note that these arguments are quite independent from the
corotating or counterrotating nature of the fluid, but depend
mainly on the variation range of the momentum magnitude. In
fact L3 is the range of higher specific angular momentum mag-
nitude, and one could assume that the distinction in the geodesic
structure of the Kerr spacetime between the `counterrottaing
fluids is higher (as essentially determined by the ratio `/a).
However, it should be noted that for ` ∈ L3, the centers of
the equilibrium disks are placed in a orbital region rather dis-
tant from the attractor, namely in r > r¯γ  rmso, where
r¯γ > rγ : `(r¯γ) = `γ, in the region R = r/a  0, with the excep-
tion of the corotating configurations where, for a ∈ [a−M,M[, we
find r¯−γ ∈ [r−M, r−mso[, see Fig. 6 and discussion in Sec. (3.2).
Appendix A.1.1.2. Configurations C±2 and C
2±
x : `2 ∈ L2.
The situation in L2 is as follows: for `mbo = inf L2 = minL2
(where supL2 = `γ), and rmbo = sup r2Max = max r
2
Max (where
inf r2Max = rγ), similarly to the argumentation for the ()3 con-
figurations, we consider a specific angular momentum `2 :
`mbo < `2 ∈ L2, thus Ve f f (`2)
∣∣∣
r¯ > Ve f f (`mbo)
∣∣∣
r¯. In particular,
K2 = Ve f f (`2)
∣∣∣
rmbo
> Ve f f (`mbo)
∣∣∣
rmbo
= 1.
The unstable phase, expected for the equilibrium disks C2
with specific angular momentum in L2, is the open cusped con-
figuration Ox. If the inner edge r2in of the disk C2 in equilibrium
would be rmbo for a `2 , `mbo then there is K2 > 1 (at `2 = `mbo
28Note that we are using, along this work, the convention introduced in the
end of Sec. (2): in general, the label (i) with i ∈ {1, 2, 3} indicate any quantity Q
relative to the range of specific angular momentum Li respectively, thus in this
case r3in is the inner margin of the regular configuration with specific angular
momentum `3 ∈ L3.
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the disk is open but this is a special, unstable case). On the other
hand, if rmbo ∈ C2, that is rmbo < r2in, then the following con-
siderations apply: for `2 ∈ L2 ∃ r2Max ∈]rγ, rmbo] : K2Max ≥ 1
where rmbo = r2Max only if `2 = `mbo.
Therefore, at `2, r2Max being a maximum of the effective po-
tential, the function Ve f f is increasing in ]r2Max, rmbo] and, being
`2 > `mbo, we have Ve f f (`2, rmbo) > Ve f f (`mbo, rmbo) = 1. As a
consequence of this, for the equilibrium closed C2 disk, there is
K2 , Ve f f (`2, rmbo) and as the minimum point is r2min > rmso >
rmbo, then we have K2 = Ve f f (`2, rin) = Ve f f (`2, rout) < 1, where
rmbo < r2in < rmin < r
2
out, and therefore rmbo < r
2
in.
We finally conclude that
r2±in > r
±
mbo implying r
±
mbo < C
±
2 , and
r±J ≤ r±mbo for O2±x thus r±mbo∈O2±x . (A.2)
Appendix A.1.1.3. Configurations C±1 and C
1±
x : `1 ∈ L1.
For the rings with specific angular momentum `1 ∈ L1 we
will repeat the argument used for the ()2 configurations.
The unstable configurations for the disks within this data set
has topology Cx. Let `1 ∈ L1, then `1 < `mbo = supL1. Thus
in particular there is Ve f f (`1, r¯) < Ve f f (`mbo, r¯). In general one
could say that Ve f f (`1, rmbo) < Ve f f (`mbo, rmbo) = 1, which does
not solve the problem. However as it is r1Max ∈]rmso, rmbo[, then
∂rVe f f < 0 for r ∈]r1Max, rmbo[. This implies that rmbo < C1x, or
rmbo < C1.
One can say that since the maximum disk orbital exten-
sion occurs for the critical configuration C1x, then it is suffi-
cient to say that for no `1 ∈ L1 there is r1Max < rmbo, but
r1Max ∈ [rmso, rmbo[. Then it follows that rmbo cannot belong
to any topology associated to the range L1.
We therefore conclude that
r1±in > r
±
mbo implying r
±
mbo < C
±
1 , and
r±x ≥ r±mbo for C1±x , thus r±mbo < C1±x . (A.3)
Appendix A.1.2. Location of the marginally stable orbits rmso
An unstable configuration, according to P-W mechanism,
must contain the marginally stable orbit, or rmso ∈ ()x. There-
fore
r1x > rmso rmso ∈ C1x for `1 ∈ L1; r2J > rmso
rmso ∈ O2x for `2 ∈ L2. (A.4)
It remains to establish the condition for the marginally stable
circular orbit to be contained in a disk of C topology, corre-
sponding to a surface in equilibrium29, considering the specific
angular momentum for ` ∈ Li.
29In fact, as there is always rmin > rmso, it is possible to select a value of the
K parameter small enough (i.e. K = Kmso + K with K ' 0) for rmso < rin,
and consequently there is rmso < C. However, if a disk with ` ∈ {L1,L2},
admits critical configurations (rMax < rmso), then rmso ∈ Cx or rmso ∈ Ox.
The potential function is monotonically decreasing in the region ]rMax, rmso[,
or in a sufficiently narrower left region of the orbit rmso, for specific angular
momentum ` ∈ L3where the effective potential admits no maximum. However,
this does not ensure that Ve f f (rmso) ≤ 1, and therefore this condition does
not ensure that the orbit rmso is included in the closed disk. Essentially, this
Appendix A.1.2.1. Configurations C±1 : `1 ∈ L1.
There is :
∀`1 ∈ L1 (where r1min > rmso > r1Max > rmbo) there is
Kmso < Ve f f (`1, rmso) < Ve f f (`1, r1Max) < 1. (A.5)
The first inequality of Eq. (A.5) is due to the fact that `mso =
inf L1 (and the effective potential is in general an increas-
ing function of the specific angular momentum magnitude
(Pugliese&Montani, 2015)). The second inequality is a con-
sequence of the relation ∂rVe f f < 0 in ]r+Max, rmso]. The third
and last inequalities show that, for any `1 ∈ L1, there is
K1 = Ve f f (`1, rmso) < 1 : r1in = rmso, which constitutes the
result of this paragraph.
the inner edge of the equilibrium disk C1 is located on the
stable orbit rmso–Fig. A.11. Thus, it is possible to select a set
of parameters K1 ∈]Ve f f (`1, rmso),KMax[, for rmso ∈ C1. This
range of parameters increases as the range r1Max−rmbo decreases,
along with the range |`mbo − `1|.
We can summarize the situation by saying that:
r±mso ∈ C±1 , r±mso ∈ !C1±x ∀`±1 ∈ L1±, (A.6)
see also Fig. A.10.
Therefore for Eq. (A.6), the critical configuration must in-
clude the marginally stable orbit.
Appendix A.1.2.2. Configurations C±2 : `
±
2 ∈ L2±.
This case is rather well articulated and enables to analyze
deeply a possible correlation between critical `counterrotating
sequences of corotating or counterrotating fluids. Firstly, sup-
pose there exists a couple of corotating or counterrotating fluid
configurations such that there is a special specific angular mo-
mentum ˘`(a/M) : Ve f f ( ˘`, rmso) = 1. The exact expression of
˘`(a/M) can be easily found as a solution of a quadratic equation
for the variable `– see also Figs A.10,A.12.
We analyze below the different situations for corotating and
counterrotating disks decreases.
(1) The corotating disk C−2
There is a wide class of rotating attractors defined as
A˘< at a/M ∈ [0, a˘[ where
a˘ ≡ 0.969174M : ˘`− = r−γ ,
which includes the limiting static case a = 0 of the
Schwarzschild solution, where ˘`− ∈ L2−. Accordingly, we con-
sider the following two ranges of values of the specific angular
momentum
I `−2 ∈] ˘`−, `−γ [ when r2−in > r−mso and (A.7)
II `−2 ∈]`−mbo, ˘`−[, (A.8)
condition depends on the specific angular momentum and also on the location
of rmbo. Moreover, in some cases for ` ∈ L3, it is necessary to assess whether
the effective potential is actually well defined.
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–see Fig. A.10. We analyze the configurations in the two ranges
of angular momentum in the following.
I For specific angular momentum sufficiently high, i.e. `−2 ∈
] ˘`−, `−γ [, when r
2−
in > r
−
mso, the disk in equilibrium can never
contain the marginally stable orbit or r−mso < C−2 .
II For the configurations with lower specific angular momen-
tum, i.e. `−2 ∈ [`−mbo, ˘`−[ for Ve f f (`−2 , r−mso) < 1, it is possible
to select, for the equilibrium C−2 disk, a K
−
2 : r
2−
in = r
−
mso or
r2−in < r
−
mso, and therefore r
−
mso ∈ C−2 , being located in the region
with extremes (r2−in , r
2−
min)– see Figs A.10. However, in the case
Figure A.10: Corotating fluids: specific angular momentum `−mbo ≡ `−(r−mbo),
r−mbo, is for the marginally bounded orbit, `
−
mso ≡ `−(r−mso) where r−mso is the
marginally stable orbit, `−γ ≡ `−(r−γ ) and r−γ is the marginally circular or-
bit (photon orbit). The angular momentum `−(r+mso) and `−(r+mbo), ˘`−(a/M) :
Ve f f ( ˘`−, r−mso) = 1 and ˘`∗ : Ve f f ( ˘`∗, r+mso) = 1 are also plotted–see also
Fig. A.11. The spins {a∗o, aιa , a˘∗, ao, aγo , a˘, ˘˘a} are plotted with black vertical
lines, where ˘˘a = 0.997508M–see Eq. (A.22). Upper panel shows the the range
of spin a ∈ [0,M]. Bottom panel shows details of the class of attractors A˘>, as
defined in Eq. (A.9).
I, in an evolutive scheme where there is a possible time evolu-
tion of the disk morphology and topology, the increase of the
K− parameter, with specific angular momentum in L2−, does
not necessarily correspond to a final stage of P-W instability
with O2−x topology, but it will pass through the O−in phase and
then a situation similar to the case with specific angular mo-
mentum in L3− occurs. Although, increasing K−, the disk will
finally reach the Ox topology, passing through rmso in Oin. In
fact, increasing K−2 for `
−
2 ∈] ˘`−, `−γ [, the sequence of configura-
tions on ΣK will be B`2−
∣∣∣
I = {C−2 ,O−in,O−x } see Fig. A.11-Upper.
We note that the only way to make rmso a P-W point, inducing
therefore a gravo-hydrostatic instability in the disk, is to reach
` = `mso where rmso is a cusp point (Pugliese&Montani, 2015).
Consider now the lower values of specific angular momentum:
Figure A.11: Corotating fluids C−2 . Upper panel: For spacetime spin a =
0.5M ∈ A˘<, the outer horizon is r+ = 1.86603M and ˘`− = 3.61088 and
`−γ = 3.41421 with `−mbo = 4.09627. Bottom panel: For spacetime spin
a = 0.985M ∈ A˘>, the outer horizon is r+ = 2.16614M, ˘`− = 2.33082 and
`−mbo = 2.24495 with `
−
γ = 2.3102.
`−2 ∈]`−mbo, ˘`−[. In order to reach an instability of the disk, if it
does not include r−mso for its density, it is not sufficient to pro-
vide a proper elongation, and it has to pass through the point
r−mso maintaining its equilibrium topology. Then it will include
in any case a stage where it acquires an open, not cusped O2−in
topology, as discussed for the case of the marginally bounded
orbit in Appendix A.1.1.
There is indeed r2−Max < r
−
mbo < r
−
mso, therefore, the sequence
of configurations on different ΣK will be B`2−
∣∣∣
II = B`2−
∣∣∣
I =
{C−2 ,O2−in ,O2−x }. Thus, the configuration O2−x cannot emerge as
“direct” consequence of the accretion in an evolutionary model
(by increasing K). The correlation in L2− can occur only from
C−2 and O
2−
x , and the matter cannot pass through a continuum
evolution in L2−. We specify better this statement in the follow-
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ing, making reference to the sequence of the effective potentials
in Fig. A.11.
First, with `−2 =constant in L2
−∣∣∣
I or L2
−∣∣∣
II, the disk starting
from a regular topology C−2 cannot reach the P-W point con-
figuration O2−x , so far as it passes through O
2−
in . Therefore, in
order to get a transition (through the surfaces Σt) from C−2 to
O2−x , it is necessary to change `−2 ∈ L2− only, or also change
the K− parameter. But it is immediate to see that, starting from
a closed topology, it is not possible to reach such a transition,
and, on the other side, an initial phase of O2−in has no meaning
here. Therefore, the specific angular momentum `−2 ∈ L2− has
to be changed together with K− shift from K0 to K1. However,
such a transition, with `− ∈ L2− and K : K0− → K1−, has to
be continuous and the only possible solution is the one where
the final state is `−2 = inf L2
− = `2−mbo, K = 1 and r
2−
Max = r
−
mbo.
The only possible evolution in this scheme, starting from a
configuration in equilibrium with ` ∈ L2−, is the one lead-
ing, for a decrease of the specific angular momentum and the
concomitant increase of K−, to the final configuration with
cusp in r−mbo. Finally, concerning the correlation between the
two configurations, O2−x and C−2 , the considerations outlined in
Sec. (3) for the (C-J) `corotating systems apply and in particu-
lar Eq. (17).
We close this discussion noting that for `− = ˘`− we have
Ve f f ( ˘`−, r−mso) = 1. For K− = Ve f f ( ˘`−, r−mso), this cannot give
rise to a P-W point, but it should correspond to an O−in surface,
see Fig. A.11-bottom.
Then for fast attractors, i.e.,
A˘> at a/M ∈]a˘, 1], (A.9)
which include the extreme Kerr spacetime (a = M), the situa-
tion is different with respect to the geometries of A˘<, defined
in Eq. (A.7), as ˘`− > `−γ–Fig. A.10. Then Ve f f ( ˘`−, r−mso) < 1,
providing a situation analogous to the case of slower attractors
A˘<, with slow specific angular momentum `−2 ∈]`−mbo, ˘`−[.
We summarize the situation as follows:
for a ∈ A˘< ≡ [0, a˘[ at I `−2 ∈] ˘`−, `−γ [ (A.10)
when r2−in > r
−
mso r
−
mso < C
−
2 r
−
mso ∈!O2−x
at II `−2 ∈]`−mbo, ˘`−[ r−mso∈C−2 r−mso ∈!O2−x (A.11)
for a ∈ A˘> ≡ [a˘,M], r−mso∈C−2 r−mso ∈!O2−x . (A.12)
(2) The counterrotating disk C+2
Figure A.12 sketches the situation for the counterrotating flu-
ids:
C+2 : for any attractors − ˘`+ ∈] − `+mbo,−`+γ [, (A.13)
therefore:
C+2 : r
+
mso ∈!O2+x ; and r+mso ∈ C+2 for
−`+2 ∈] − `+mbo,− ˘`+[, (A.14)
r+mso < C
+
2 for − `+2 ∈] − ˘`+,−`+γ [. (A.15)
The situation is similar to the corotating fluids orbiting A˘<
attractors–Fig. A.10-Upper.
For specific angular momentum sufficiently low in magni-
tude, there always exists a region, where the equilibrium disks
C+2 contain the marginally stable circular orbit r
+
mso. While for
higher specific angular momentum, i.e. −`+2 > − ˘`+ ∈ L2+,
the disk cannot include the radius r+mso; see also discussion in
Sec. (3.4) and in particular Eq. (17).
Figure A.12: Counterrotating fluids: the specific angular momentum `+γ and
`+mbo, boundaries of L2
+, as function of the dimensionless spin a/M. The spe-
cific angular momentum ˘`+ : Ve f f ( ˘`+, r+mso) = 1. The spin aι = 0.3137M is
also signed where r−mbo = r
+
γ and then `
+
γ = `
+(r−mbo).
(3) Comments on the C±2 disks
We can compare the cases of corotating C−2 disks and coun-
terrotating C+2 disks through Figs A.10,A.12.
For the analysis of the corotating disks we refer to Figs A.10
and A.11. First, while the situation for the counterrotating
disks is uniform for attractors a ∈ [0,M]–Fig. A.12, for the
corotating disks it was necessary to distinguish between the two
classes of attractors A˘≶.
For the inclusion r−mso ∈ C−2 to be satisfied, the ratio `−/a
has to be sufficiently low. In fact, at high spin, a ∈ A˘>, the
situation is similar to L1−, and the equilibrium disks C−2 can
always contain r−mso.
In order to simplify the presentation of the results, we denote
here byQ∈ any quantityQwhich satisfies the inclusion relation,
and, respectively, by Q< any quantity where the inclusion rela-
tion is not satisfied; ∆Q is the measure of the maximum range
of variation for the quantity Q, thus:
C−2 : `
2−
< > `
2−∈ , ∆`
2−
< > ∆`
2−∈ for a . 0.8M,
∆`2−< = 0 f or a = a˘, @∆`
2−
< for a ∈ A˘> ∂aQ−2 < 0,
for Q−2 ∈ {`2−∈ , `2−< ,∆`2−∈ ,∆`2−< , (∆`2−∈ − ∆`2−< )}, (A.16)
–see Fig. A.10. For the counterrotating disk C+2 , the situation is
just reversed:
C+2 : `
2+
< > `
2+∈ ∆`
2+
< > ∆`
2+∈ , ∂aQ+2 > 0,
for Q+2 ∈ {`2+∈ , `2+< ,∆`2+∈ ,∆`2+< , (∆`2+∈ − ∆`2+< )},
(A.17)
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see Fig. A.12.
However we can still say, that a high value of the ratio |`2+|/a
acts to disadvantage the cases where rmso is included in the equi-
librium disks (see also Pugliese&Montani (2015) for the analy-
sis of the disk equilibrium in terms of the rationalized momen-
tum).
Reminding the relation between the specific angular momen-
tum and the position of the pressure maximum points, we may
say in general that disks C2±∈ , including r±mso, are localized in a
narrow region of the specific angular momentum values and or-
bital range. The disks C2−∈ approach the attractor by increasing
the spin of the black hole, while C2+∈ moves away for increasing
a/M.
There are several differences in the `counterrotating cou-
ples of equilibrium disks C2±< . The counterrotating disk C
2+
<
demonstrates behavior, related to the spin, that is very simi-
lar to C2+∈ . However, the elongation of the disks C
2+∈ can be
lower in general than those of C2+< , as the configuration den-
sity is characterized by lower specific angular momentum avail-
able, and specific angular range–see Fig. A.12. The corotating
case C2−< presents an articulated morphological characteristic,
different for different classes of attractors. For attractors A˘<,
the trend with the spin-mass ratio is similar to C2−< . However,
for a < 0.8M, the extension and the spacing (or conversely the
configuration density) of the C2−< disks is greater then of the C
2−∈
disks.
The situation is reversed for higher spin, until at a ∈ A˘> the
formation of a C2−< disk is impossible (it is not possible to find
K±2 : r
±
mso ∈ C2±< ). In fact, if it always possible to find a set of
parameters K±2 : r
±
mso ∈ C2±∈ , and indeed the equilibrium disks
C2±∈ must contain r±mso, as they extend towards the maximum
elongation at instability λx. On the other side, the extension
of the regions ∆`2±∈ increases or decreases with the spin more
slowly than ∆`2±< . Thus one could say that the morphological
characteristics of the C2±∈ case are less affected by a change of
the spin that those of the C2±< case.
Appendix A.1.2.3. Configurations C±3 : `3 ∈ L3..
For the investigation of this case, we will refer to equations
(A.7,A.9) and Figs A.10,A.12. There are no critical configura-
tions for fluids at specific angular momentum `3 ∈ L3. Follow-
ing arguments similar to those discussed in the previous cases,
one can see that for the corotating case, there are no solutions
of the problem ˘`(a/M) ∈ L3− : Ve f f ( ˘`, rmso) = 1.
Firstly, Figs A.10,A.12 confirm the results for `±1 ∈ L1±.
As proved earlier, it is always possible to find a proper K±1
for the closed configurations in equilibrium C±1 , containing re-
spectively r±mso. In other words, the disk with a specific angular
momentum in `1 ∈ L1, containing the marginally stable orbit,
must be in equilibrium, and in order to accrete into the black
hole, it must extend far beyond the marginally stable orbit.
Similarly, Figs A.10,A.12 provide an immediate description
of the situation for the equilibrium disks C±3 with `
±
3 ∈ L3±. We
detail the results as follows:
(1) The corotating disk C−3
Analogously to the fluid configurations with specific angular
momentum `2 ∈ L2, it will be convenient to consider first the
corotating case, as illustrated in Fig. A.10.
Equations (A.7, A.7,A.9) hold. Therefore we still need to
distinguish the situation for the two classes of attractors A˘≶.
For slow attractors, A˘< : a ∈ [0, a˘[, we have ˘`− ∈]`−mbo, `−γ [,
this implies:
for a ∈ A˘< there is Ve f f (`−3 , r−mso)  1 (A.18)
and r−mso < C
−
3 .
However, concerning the first inequality of Eq. (A.18), we
should consider that the function Ve f f (`−3 , r) may not be well
defined in r−mso. As mentioned at the beginning of this section,
if the potential function is not defined in a point r¯, this consti-
tutes here evidence of the fact that the disk cannot exist at r¯, and
therefore Eq. (A.18) is then sufficient to prove that if the effec-
tive potential is well defined in r−mso, then it is not contained in
the equilibrium disk30.
The situation is different for the geometries of faster attrac-
tors, A˘> ∈]a˘,M], where
for a ∈ A˘> there is r−mso > r−γ , (A.19)
∃ K−3 < Ve f f ( ˘`−3 , r−mso) = 1 : r−mso ∈ C−3
and K−3 will be clearly bounded from below by Ve f f (`
−
γ, r¯),
where r¯ > r−mso, corresponding to the condition `−3 ∈ L3−. The
similarities with the L2 case are evidently in the differentiation
between the two classes of attractors A˘≶, but the situation is
very different with respect to the role of the specific angular
moment. The case of very fast attractors, seen in Fig. A.11, is
particularly interesting. We will analyze deeply the morphol-
ogy of these regions for the case of the A˘> attractors later, com-
paring them with the counterrotating case.
(2) The counterrotating disk C+3
The situation for the counterrotating disks at `+3 ∈ L3+ is
illustrated in Fig. A.12.
As Eq. (A.13) holds, then
r+mso < C
+
3 . (A.20)
Therefore the equilibrium counterrotating disks C+3 cannot con-
tain the marginally stable circular orbit, and the disks are en-
tirely contained in an outer orbital region r > r+mso. This situa-
tion is indeed similar to the corotating disks orbiting the slower
attractors A˘<.
(3) Comments on the C±3 disks
In conclusion, for specific angular momentum `3 ∈ L3 only
a special class of rotating equilibrium disks, namely C−3 , orbit-
ing very fast attractors, may contain the marginally stable orbit.
The morphology of the range of specific angular momenta for
these fluids, is very special. The more relevant aspect probably
is that the ∆`3−∈ region is vanishing at its extremes, i.e., the re-
gion ∆`3−∈ of specific angular momentum `−3 , whose measure is
the distance (`−γ− ˘`−), has a minimum, with vanishing extension,
30The conditions for which the function V`(`3, r) is not well-defined could
be easily provided.
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for the two special geometries a = a˘ and a = M– Figs A.13.
The absolute maximum of this region occurs for the geometry
associated with spin ˘˘a = 0.997508M.
Analogously to Eqs (A.16,A.17), we can summarize the sit-
uation for the C±3 cases as follows:
C−3 : for A˘< r
−
mso < C
−
3 ,
for A˘> r−mso∈C−3 ; inf ∆`3−∈ = 0
for a = {a˘,M}, (A.21)
max ∆`3−∈ = 0 for a = ˘˘a ∈]a˘,M[.
∂a`
3−∈ < 0, ∂a∆`
3−∈ ≷ 0 f or a ≶ ˘˘a, (A.22)
C+3 : r
+
mso < C
+
3 . (A.23)
Possibly the region of specific angular momentum ∆`3−< , and
Figure A.13: Corotating fluids C−3 in a geometry with spin-mass ratio ˘˘a =
0.997508M ∈ A˘<, the outer horizon is r+ = 1.07055M, ˘`− = 2.15829 and
`−γ = 2.12395 with `−mbo = 2.09984, see also Fig. A.12. The plots show the
effective potential Ve f f (`−) versus r/M, at different specific angular momenta,
signed on the curves: the black thick curve is for `− = ˘`−. Upper panel: orbital
range r ∈ [r+, r+ ] where r+ = 2M is the static limit on the equatorial plane.
Bottom panel: orbital range r > r+ . Curves lnVe f f against ln r/M, but the
labels on the axes indicate the original values of Ve f f and r/M.
the corresponding orbital region, is infinite extending up to the
regions where the Newtonian limit can be considered.
Appendix A.2. Location of the notable radii r±N ∈ ()∓
In this section we examine the location of the radii r±N ∈
()∓ with respect to the closed (cusped or regular) sub-
configurations ()∓respectively . This issue is relevant for exam-
ple for the analysis of the mixed `counterotating sub-sequences
of a decomposition. As a consequence of this analysis we will
distinguish different classes of attractors, deriving conditions
on the parameters of the macro-configuration. First, we provide
several orbital constraints which locate more precisely the inner
and the outer edge of the ring of a decomposition. Then we clar-
ify the possible interaction between two `counterrotating sub-
configurations through the geometrical correlation.
In the following discussion, we use the arguments and results
of Appendix A.1 and we proceed in analogy to the investigation
of the r±N ∈ ()± problem.
In Appendix A.2.1 we consider the counterrotating con-
figurations, studying the problem r−N ∈ ()+, while Appendix
A.2.2 focuses on the corotating disks, investigating the problem
r+N ∈ ()−. The location of photon circular orbits r±γ is investi-
gated in Appendix A.3.
Appendix A.2.1. Counterrotating disks: r−N ∈ ()+
Appendix A.2.1.1. Marginally bounded orbit r−mbo ∈ ()+.
In general, the following propriety holds: as r−mbo < r
+
mbo in
any geometry, then, if r+mbo < ()
+, it follows that r−mbo < ()
+.
Therefore, as Eq. (A.1) stands, we have
r−mbo < C
+
3 . (A.24)
We remind then that the C3 configurations do not allow critical
topologies with ` ∈ L3.
Similarly, for an accretion configuration in L2+, Eq. (A.2)
holds. It follows r−mbo < C
+
2 . Regarding the location of r
−
mbo with
respect to the open counterrotating configuration O+x , we should
consider two different classes of attractors. In fact, the general
considerations introduced at the beginning of this section ap-
ply strictly only for a closed (cusped or regular) topology while
for the open topologies Ox, we need to consider the geometries
where r−mbo ∈ ∆r+J , i.e. a ∈ A<ι ≡ [0, aι[, and the geometries
with a ∈ A>ι ≡]aι,M], where r−mbo < r+γ .
Then we could summarize the results as follows:
r−mbo < C
+
2 , and we have r
−
mbo ∈ O2+x (r−mbo  r2+J )
only if a < aι for − `+(r−mbo) ∈ [−`+mbo,−`+(r−mbo)].
(A.25)
We specify that for the slower attractors, a ∈ [0, aι[, also
the configurations with r−mbo ∈ O2+x are possible, while such
a situation is forbidden in the spacetimes of the faster attrac-
tors. Accordingly, the notation ∈ (not ∈!) has been used in
Eq. (A.25). This is because for a < aι, there is r−mbo > r
+
γ ,
and the open surfaces can include the marginally bounded or-
bit r−mbo, i.e r
+
J < r
−
mbo, or not include r
−
mbo, i.e. r
+
J > r
−
mbo.
This distinction clearly depends on the specific angular mo-
mentum, and one should analyze the condition for which −`+2 ∈
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[−`+(r−mbo),−`+γ [ where, for ` = −`+(r−mbo), the launch point31 is
exactly r2+J = r
−
mbo, as pictured in Fig. A.12, which also confirms
that −`+(r−mbo) ∈ [−`+mbo,−`+(r−mbo)] for a < aι.
In the geometry with a = aι, introduced in Sec. (3), there is
r+γ = r
−
mbo, and then it follows that this case represents a limit,
defining the γ-surface Oγ+x , that can be never reachable also for
the C+2 configurations (alternatively one can see this fact also as
a consequence of the first inequality in Eq. (A.2)).
The situation for C+1 can be described using Eq. (A.3), and
we obtain
r−mbo < C
+
1 and r
−
mbo < C
1+
x . (A.26)
Appendix A.2.1.2. Marginally stable orbit r−mso ∈ ()+.
We focus now on the location of the marginally stable orbit:
r−mso ∈ ()+.
Using arguments similar to those used to locate the
marginally bounded orbit, we note that since r+mso > r
−
mso in any
Kerr geometry, it follows that r−mso < ()+, if r+mso < ()+ (in this
case r+in > r
+
mso). Therefore, we first concentrate our analysis on
the cases where r+mso∈()+.
In fact, the critical topologies ()+x are good candidates
for counterrotating configurations including the orbit r−mso, as
these rings always contain the marginally stable orbit r+mso–see
Eq. (A.4).
However, we point out that the inclusion r+mso∈()+ is a neces-
sary but not sufficient condition for the inclusion of r−mso in the
disks ()+, as the investigation of r+mso < ()
+ provides a condi-
tion to rule out a series of situation where r−mso is certainly not
included in ()+.
Appendix A.2.1.3. On the configurations C+1 and C
1+
x .
Consider first the configurations ()+1 . Then, as Eq. (A.6) holds
(which is necessary condition for r−mso ∈ ()1+), one has to distin-
guish the following two classes of geometries:
A>ιa : a > aιa (r
−
mso < r
+
mbo), and (A.27)
A<ιa : a < aιa (r
−
mso > r
+
mbo), where
aιa ≡ 0.372583M.
In fact, we consider only configurations where r+mso ∈ ()+1 , en-
sured by Eq. (A.6).
Because of Eq. (A.3), the inner edge of the C1+x disk is r
1+
in ∈
∆r+x ≡]r+mbo, r+mso[ (we exclude the case where r1+in = r+mso). Then,
from Eq. (A.26), for the disk C+1 , there is r
1+
in ∈ ∆r+x ∩[r+mso, r1+min[.
If r−mso < r+mbo, this implies r
−
mso < C
+
1 and r
−
mso < C
1+
x , and this
occurs for sufficiently fast attractors A>ιa–Eq. (A.27). Therefore,
we will consider only these lower attractors A<ιa .
Note that these attractor spins also include the spin aι: in
these geometries, where r−mso ∈ ∆r+x , one can always find a
K+1 : r
−
mso ∈ C1+x , or also K+1 : r−mso ∈ C+1 , for sufficiently
31In fact this follows from the general behavior of the curves ∓`± as function
of r/M demonstrated in Fig. 2 and trends of the criticality indices as described
in Eq. (9).
high magnitude of the specific angular momentum (we recall
that λ±x = sup λ± and Λ±x ⊃ Λ±).
It can be important in some circumstances to fix the topol-
ogy of the counterrotating (outer) configuration ()+1 of a couple,
especially if one assumes that a possible gravo-hydrostatic in-
stability may lead to destabilization on the inner (corotating)
configuration, as considered for example in Secs (3,4).
The situation where r−mso ∈ C+x is ensured by the condition on
the specific angular momentum −`+1 ∈ [−`+1 (r−mso), `+mbo[⊂ L1+.
In fact, if `+1 = `
+
1 (r
−
mso), then r
1+
Max = r
−
mso. The limiting values
`+1 (r
−
mso) ∈ L1+ vary with the spin, see Figs 5,4.
For K+1 = K
1+
Max, there is r
1+
in = r
1+
Max = r
−
mso = r
+
x , thus with
increasing |`+1 | the maximum point r1+Max decreases32 and there
is r1+Max < r
−
mso.
In conclusion:
A>ιa : a > aιa : r
−
mso < C
+
1 and r
−
mso < C
1+
x , (A.28)
A<ιa : a < aιa : −`+1 ∈] − `+mso,−`+1 (r−mso)[,
r−mso < C
1+
x , r
−
mso < C
+
1 , (A.29)
`+1 = `
+
1 (r
−
mso), r
1+
in = r
1+
Max = r
−
mso = r
+
x , (A.30)
r−mso ∈ C1+x , r−mso < C+1 , (A.31)
−`+1 ∈ [−`+1 (r−mso),−`+mbo[, r−mso ∈!C1+x , r−mso ∈ C+1 .
(1) On the configurations r−mso ∈ ()+2
We consider now the configuration ()+2 . The necessary con-
dition for r−mso ∈ ()+2 in Eq. (A.14) (see also Eq. (A.17)) showed
the presence of a specific angular momentum threshold ˘`+2 (we
recall that ˘`(a/M) : Ve f f ( ˘`, rmso) = 1, solution of a quadratic
equation for the variable `– see also Figs A.10,A.12, introduced
in Appendix A.1.2; here we pointed out the belonging of the
specific angular momentum in L2 with the subscript). Follow-
ing this analysis, we can state that for any Kerr attractor there
is
r−mso < C
+
2 if − `+2 ∈] − ˘`+2 ,−`+γ [. (A.32)
Thus, for the closed (and regular) configurations C+2 , we shall
focus on the range of specific angular momenta −`+2 ∈] −
`+mbo,− ˘`+2 [ where r−mso∈C+2 .
The photon circular orbit rγ is the upper boundary of the or-
bital range associated with the momentum range L2, and the
lower boundary is rmbo.
Equation (A.25) holds, which means, for a closed regular
topology of a C+2 disk, that r
−
mbo < r
2+
in for a < aι but, as r
−
mbo <
r−mso. This is not sufficient to rule out the condition r−mso ∈ C+2 in
these geometries.
However, for the critical configuration O2+x , one could say
that as r−mbo ∈ O2+x only for a < aι then, as r−mbo < r−mso, for
proper values of the specific angular momentum, r−mso must be
included in O2+x .
We could see, from Fig. 4-Upper that at a < aιa , where aιa :
32Since for a ∈]0, aιa [ we have r−mso ∈ ∆r+x , where the function −`+1 is mono-
tonically decreasing, then there is always `+1 (r
−
mso) ∈ L1+.
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r−mso = r+mbo, we have r
−
mso > r
+
mbo, and in conclusion
r−mso ∈!O2+x for A<ιa , −`+2 ∈ L2+, (A.33)
see Fig. A.12 and also Figs 5,4. We note that in the relation
(A.33), there is the intensifier ∈!, meaning that all the configu-
rations O2+x , in the spacetimes where a < aι, must contain r−mso
i.e. r2+J < r
−
mso, because in those spacetimes there is r
−
mso > r
+
b .
Conversely, this does not imply r−mso <!O
2+
x for a ∈ A>ιa (here
we used the intensifier (!) to emphasize that the non-inclusion
relation does need to be always verified).
As r2+J ∈]r+mbo, r+γ [, it follows that the radius r−mso < r+γ is not
included even in the open topology, or
for a > a−γ+ ≡ 0.638285M > aιa : r+γ = r−mso,
there is r−mso < O
2+
x , r
−
mso < C
+
2 , (A.34)
for a ∈]aιa , a−γ+ [ there is r−mso∈O2+x . (A.35)
We stress that in Eq. (A.35) there is ∈ and not ∈!, on the
other hand, for this relation to be satisfied, it has to be −`+2 ∈
[−`+2 (r−mso),−`+γ [ (one can see the general behavior of the curves∓`± versus r/M in Fig. 2), see also Fig. 5.
Thus one can specify Eq. (A.35) as follows:
r−mso∈!O2+x for a ∈]aιa , a−γ+ [ and (A.36)
−`+2 ∈ [−`+2 (r−mso),−`+γ [.
The situation is more structured for the closed C+2
configurations–see Fig. 4-bottom.
In order to establish the location of the r−mso in the counterro-
tating disks C+2 , we can consider the following three cases:
33
r−mso ∈]r+mbo, r+mso[ for a ∈]0, aιa [ (A.37)
aιa ≡ 0.372583M : r−mso = r+mbo,
r−mso ∈]r+γ , r+mbo[ for a ∈]aιa , a−γ+ [ (A.38)
a−γ+ = 0.638285M : r
−
mso = r
+
γ ,
r−mso < r
+
γ for a > a
−
γ+
. (A.39)
The case (A.39) was ruled out by Eq. (A.34). Therefore we
will investigate the situation for slower attractors, i.e. a < a−γ+ ,
considering Eq. (A.32).
From Eq. (A.38) we have r−mso < r+mbo, but we find also r
+
mbo <
C+2 from Eq. (A.2). Therefore, it follows that
34
r−mso < C
+
2 for a > aιa (A
>
ιa
), (A.40)
33We note that in dealing with multiple surfaces formed by `counterrotating
fluids, the static limit represents an important limitation. On the equatorial
plane, this is placed on the orbit r+ = 2M, which is invariant with respect to the
change of the attractor spin. The static limit and the inner region Σ+ ≡]r+, r+ [
(ergoregion), have very peculiar characteristics; the static limit, for any space-
time a , 0, acts in some way as a semipermeable membrane, separating materi-
als in counterrotaing orbits confined in the outer region, from matter corotating
with the source. Corotating fluids can penetrate and possibly also to exit from
the static limit. In the processes of energy extraction from the black hole, for ex-
ample the Penrose process, matter can go outside Σ+ , crossing r
+
 with greater
initial momentum and energy (Pugliese&Quevedo, 2015). Note that the effi-
ciency of the energy extraction by the Penrose process in the field of Kerr black
holes (Abramowicz&Fragile, 2013) is significantly lower than in the in the field
of Kerr naked singularities (Stuchlik&Schee, 2013; Stuchlík, 1980)
34We address here some general considerations on the arguments that we use
in accord with Eq. (A.34).
However we need to discuss the location of the counterro-
tating proto-jet point r+J . Indeed, due to Eq. (A.2), we find
r+mbo ∈ O2+x . This task has been completed in Eq. (A.34) and
Eq. (A.36).
We focus then on the toroidal fluids orbiting with proper spe-
cific angular momentum −`+2 ∈] − `+mbo,− ˘`+2 [, around attrac-
tors with a < aιa , considered in Eq. (A.37), where there is
r−mso ∈]r+mbo, r+mso[.
The effective potential function decreases monotonically in
this orbital range, but it does not reach the maximum (as the
range of specific angular momentum is L2). Thus, we consider
a “starting” configuration “embedded” in an effective potential
Ve f f (`+2 , r
+
mso) < 1, where −`+2 ∈] − `+mbo,− ˘`+2 [, for Eq. (A.14)
(that is not in contradiction with Eq. (A.32)).
However, we have r+mbo < C
+
2 for Eq. (A.2), which means
Ve f f (`+2 , r
+
mbo) > 1. It follows then that a radius r¯ ∈]r+mbo, r+mso[:
Ve f f (`+2 , r¯) = 1 exists. Following arguments similar to the ones
developed in Appendix A.1.2, in order to evaluate if there are
actually solutions of this problem under the condition −`+2 ∈
] − `+mbo,− ˘`+2 [ on the specific angular momentum, we have to
know the situation for Ve f f (`+2 , r
−
mso). Therefore we look for
the solutions of the problem ∃ ˘`−2+ : Ve f f (`+2 , r−mso) = 1 in
−`+2 ∈] − `+mbo,− ˘`+2 [.
Fig. 4 is a restriction of Fig. A.12 and shows the situation
for −`+ ∈] − ˘`+,−`+mbo[ where, according to Eq. (A.32), con-
figurations C+2 including r
−
mso are possible. We expect therefore
that there will be an orbital region included in ∆r2+x , and a range
of specific angular momentum for the counterrotating matter in
L2+ satisfying this condition. The figure shows the function
˘`−
2+
, as evaluated in r−mso.
In general, one finds that for −`+2 ∈] − `+mbo,− ˘`−2+ [, there is
Ve f f (`+2 , r
−
mso) < 1. Therefore, there can be r
−
mso ∈ C+2 , while for
−`+2 ∈] − ˘`−2+ ,− ˘`+[ we find r−mso < C+2 .
Concluding this paragraph we note that to establish an ana-
logue inclusion relation with respect to the open surfaces O2+x ,
we can compare the two analysis.
(2) Concluding remarks on the problem r−mso ∈ ()+2
We have shown that the solution of this problem is different
for different classes of attractors. This property, as all other
in this section, clarifying particularly certain aspects behind the results given
in Eq. (A.40). The main issue is to locate the inner edge of the disk, in this
specific case a C+2 disk, in particular with respect to r
−
mso. Equation (A.40)
indicates that the C+2 disk cannot include r
−
mso for a very large class of fast
attractors, say a & 0.37M. In fact, the inner edge is r2+in > r−mso < r+mbo.
This relation is trivial when relation r−mso < r+γ is satisfied, occurring in the
geometries a > a−γ+ & 0.638M. For the geometries with a ∈]aιa , a−γ+ [, we
have r+mbo > r
−
mso– see also Fig. A.14-bottom; but the necessary condition for
the inclusion of r−mso into a C+2 configuration is that there would be r
+
mbo ∈ C+2 .
However previous results in Eq. (A.2) had proved that this condition is never
satisfied, and the reason for this is that the effective potential for the disk with
specific angular momentum L2+ is too “large” (i.e. K+2 (r
+
mbo) > 1) as shown
in Fig. A.14-bottom. This obviously creates a barrier, essentially due to the
centrifugal component of the effective potential, due to which the disk cannot
include, while remaining in equilibrium, the orbit r+mbo and, therefore, a fortiori
the orbit r+mso. In fact this result is not in contradiction with the results reflected
in Fig. 4-bottom.
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cases in which different classes of attractors were pointed out,
turns to be a possible useful tool for the identification of features
possibly distinguishing between different gravitational sources.
More specifically, here the class of attractors with spin
in ]0, a−γ+ [ is then decomposed in the following sub-classes
]0, a−γ+ [=]0, aιa [∪]aιa , a∗ι [∪]a∗ι , a−γ+ [, where:
a∗ι = 0.61834M ∈]aℵ1 , a−γ+ [: ˘`+ = ˘`−2+ , (A.41)
and a−γ+ was introduced in Eq. (A.34).
However, these considerations are only necessary to ensure
the condition r−mso ∈ C+2 , but not sufficient. Indeed, consid-
erations (A.40) rule out the geometries A>ιa , although in those
spacetimes the condition Ve f f (`+2 , r
−
mso) < 1 holds.
Essentially, the (centrifugal) barrier, provided at r+mbo, does
not allow the inclusion of r+mbo in the disk and we recall that the
upper boundary of the range of specific angular momentum is
intrinsically related to r+mso–see Fig. A.14-bottom. In fact, for
a < aιa see Fig. A.14-upper, there is r
−
mso ∈]r+mbo, r+mso[≡ ∆r+x
and, if the specific angular momentum is low enough, i.e.,
−`+2 ∈] − `+mbo,− ˘`−2+ [, then the inner edge r2+in can be chosen,
if the disk is sufficiently dense or equivalently, if the hydro-
static pressure is sufficiently large (i.e., the difference between
the pressure at its maximum and the pressure at its minimum
located at the disk boundary), so that the counterrotating disk
can incorporate r−mso.
As we have already noted, in many of these issues, the com-
ponent of the potential that further changes the behavior of the
disk is its centrifugal part: for the specific angular momentum
too low (in magnitude), no disk will form. By increasing the
specific angular momentum a disk with low density and very
small size arises. At larger angular momenta, the minimum
density of the disk, given as a function of K, increases and the
disk, in order to counterbalance this effect, will move the point
of maximum pressure away from the central attractor, while its
inner edge will more towards the gravitational attractor, increas-
ing thus its extension until arriving to an unstable phase.
Further increasing of the specific angular momentum leads to
destruction of the closed topology, the outer edge being a P-W
instability point.
Thus, in conclusion for the A<ιa spacetimes, we have r
−
mso ∈
C+2 only for −`+2 ∈] − `+mbo,− ˘`−2+ [, this situation is reflected very
clearly by Fig A.14.
With reference to Fig. 4-bottom, this region of the specific
angular momentum decreases with the spin in ]0, aιa [ up to aιa :
r−mso = r+mbo, where it vanishes and no such configurations are
possible, see also Eq. (A.37)35. We can summarize this analysis
35Similarly, regular C+2 disks, satisfying this property, will be constrained in
terms of the possible orbital range. The situation is different for attractors with
spin in ]aιa , a
∗
ι [, where the orbital range increases again with the spin up to the
upper boundary of the second class, a∗ι – see also Eq. (A.41), where maximum
extension of the orbital region occurs, and in the third, very restricted class
]a∗ι , a−γ+ [.
Figure A.14: Counterrotating fluids: disks C+2 . Upper panel: spacetime with
spin a = 0.1M < aιa , potentials given for different specific angular momenta.
At −`+2 ∈]−`+mbo,− ˘`−2+ ], with r−mso ∈ C+2 . The outer horizon r+ = 1.99499M and
˘`−
2+
= −4.24107, `+mbo = −4.09762, ˘`+ = −4.3478. Bottom panel: spacetime
with spin a = 0.55M ∈]aιa , a∗ι [, there are no disk with r−mso ∈ C+2 . In this
spacetime r+ = 1.83516M, ˘`−2+ = −4.61392, `+mbo = −4.48998, ˘`+ = −4.77024.
by saying that:
r−mso < C
+
2 if − `+2 ∈] − ˘`+2 ,−`+γ [∈ L2+, (A.42)
r−mso < C
+
2 , r
−
mso < O
2+
x , for a > a
−
γ+
> aιa , (A.43)
r−mso < C
+
2 for a > aιa , (A.44)
r−mso∈!O2+x for a ∈]aιa , a−γ+ [ and (A.45)
−`+2 ∈ [−`+2 (r−mso),−`+γ [,
r−mso ∈!O2+x a < aιa , −`+2 ∈ L2+, (A.46)
r−mso∈C+2 for a < aιa and − `+2 ∈] − `+mbo,− ˘`−2+ ].
(A.47)
(3) On the configurations r−mso ∈ ()+3
We can now focus on a C+3 disk, considering the marginally
stable orbit r−mso. Equation (A.20) holds. As r−mso < r+mso, this
proves that:
r−mso < C
+
3 . (A.48)
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Appendix A.2.2. Corotating disks: r+N ∈ ()−
Appendix A.2.2.1. Marginally stable orbit r+mso ∈ ()−.
It is convenient to consider first the location of the marginally
stable orbits. We can compare r+mso with the radius r
−
mso < r
+
mso.
Clearly it is always possible to select the specific angular mo-
mentum `−(r+mso) such that the disk can be centered on r+mso, see
Fig. 5. This disk can be stable, in regular topology C−, or in ac-
cretion for the cusped topology C−x , depending on the specific
angular momentum `−(r+mso) ∈ Li, see Fig. 5.
We obtain
`−(r+mso) ∈ L1− for a < a˜ℵ ≈ 0.4618544M ∈]aℵ0 , aℵ[
a˜ℵ : `−(r+mso) = `
−
mbo, r
+
mso = r
−
cent ∈ {C−1 ,C1−x }, (A.49)
(A.50)
`−(r+mso) ∈ L2− for a ∈]a˜ℵ, a˘ℵ[ (A.51)
a˘ℵ = 0.73688M : `−(r+mso) = `
−
γ (A.52)
r+mso = r
−
cent ∈ {C−2 ,O2−x },
`−(r+mso) ∈ L3− for a > a˘ℵ r+mso = r−cent ∈ C−3 , (A.53)
We now enquire on the situation where the disk is not exactly
centered in r+mso. This analysis is specially relevant in the inves-
tigation of a possible interaction between rings orbiting with
specific angular momenta in different ranges Li.
Equations (A.50,A.51,A.53) show that the relation r+mso ∈ ()−
is invariant for a slight change of specific angular momentum
around the value `−(r+mso). However, the orbit r+mso may be non
included in a corotating ring with lower specific angular mo-
mentum (with r−cent < r+mso), or larger specific angular momen-
tum (with r−cent > r+mso): the first case for r−out < r+mso, the second
for r−in > r
+
mso.
We should compare the value of the maximum K−Max, with the
value of the potential at r+mso. In fact, it is immediate to see that,
for `− < ˜`− ≡ `−(r+mso), the effective potential Ve f f (`−, r+mso) <
1, but r−Max > r˜
−
Max ≡ r−Max( ˜`).
If Ve f f (`−, r+mso) > K−Max, then r
−
out < r
+
mso, where there is an
angular momentum `− < ˜`− such that a maximum rMax exists.
In fact, the condition Ve f f (`−, r+mso) > K−Max can be verified,
for definition of maximum point, only in the asymptotic region
r > r−min, as one assumes K
−
Max < 1–see also the analysis in
Fig. A.16.
On the other hand, we note that the condition Ve f f (`−, r+mso) <
K−min = Ve f f (`
−, r−min) cannot be fulfilled for the definition of
minimum. Then:
K−min < Ve f f (`
−, r+mso) < K
−
Max = Ve f f (`
−, r−Max), (A.54)
if r−Max exists, and then `
− is in L1− or L2− (we will analyze
later the case L3−). Thus r+mso ∈ ()+ can be, but we can always
verify (sufficient condition) that if Ve f f (`−, r−Max) > 1, then `
−
is in L2− and r+mso ∈ O2−x .
The general argument, summarized at the end of this section,
is the following: as we know that r−Max < r
−
mso < r
−
min then
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if `− < ˜`− there is
r˜−Max < r
−
Max < r
−
mso < r
−
min < r
+
mso,
and thus r+mso < C
1−
x . (A.55)
So far we have considered `− ∈ L1−, therefore it holds for any
Kerr attractor according to the Equations (A.50,A.51,A.53),
also for fast attractors where there are no r˜Max, see Eq. (A.53).
Then
if `− > ˜`− there is
r−Max < r˜
−
Max < r
−
mso < r
+
mso < r
−
min
and thus r+mso ∈!()−x . (A.56)
In terms of the maximum points, conditions in Eq. (A.56) hold
where maximum points of the effective potential exist. Pre-
cisely, we can always select a K, where K−Max < 1 (which oc-
curs for `− ∈ L1−). The situation is different for proper spe-
cific angular momentum in the ranges L2− and L3− where, if
Ve f f (`−, r+mso) is well defined, it should be Ve f f (`−, r+mso) < 1,
and there would be an upper limit on the specific angular mo-
mentum `− > ˜`− depending on the black hole spin.
Let us consider then Eq. (A.56) for the minimum points:
Ve f f ( ¯`−, r+mso) < 1 for ¯`− < ˘`∗, where ˘`∗ : Ve f f ( ˘`∗, r+mso) = 1,
see Fig. A.10. We can now trace easily come conclusions:
r+mso ∈ C− : for a ∈ [0, a˘∗[ Ve f f (`−, r+mso) < 1
in L1− ∪ [`−mbo, ˘`∗[⊂ L2−, (A.57)
for a ∈]a˘∗,M] Ve f f (`−, r+mso) < 1 (A.58)
in L1− ∪ L2−∪]`−γ , ˘`∗[⊂ L3−,
where a˘∗ ≡ 0.401642M : ˘`∗ = `−γ . (A.59)
We recall that Eqs (A.57–A.59) are indeed necessary but not
sufficient, for it is always possible to find an appropriate K <
1 such that r+mso is included in the disk, and then in particular
r+mso < r
−
out.
It should be ensured that the maximum of the potential, be-
ing located at r−Max < r
+
mso while it exists, satisfies the relation
K−Max ≥ Ve f f (`−, r+mso).
In the case L2− ∪ L3−, the conditions in Eqs (A.57–A.59)
are also sufficient. While this is not immediate for the disks
36In fact: if `− < ˜`−, then r−Max > r˜
−
Max. But if r
−
Max > r˜
−
Max then there is
K−Max < K˜
−
Max– see Fig. 2-bottom. Therefore, we have r˜
x−
out > r
x−
out (we recall
that in the case of critical configurations the outer cross point of the curves
Kcrit =constant in Fig. 2-bottom is exactly the outer edge of the critical accre-
tion disk). On the other side, we know that r˜x−out > r
+
mso, because r
+
mso = r˜
−
min,
from the definition of ˜`−, as this fact implies that K˜−Max > K
+
mso–see Fig. 2-
bottom. However, it has to be K−Max ∈]K−mso,K−crit(r+mso)[∪]K−crit(r+mso), K˜Max− [.
We recall that `− < ˜`− = `−(r+mso), because there is r+mso = r˜−min. Now, if
K−min < K
−
Max ∈]K−mso,K−crit(r+mso)[, then rx−out < r+mso, as immediate to see by
considering the curves K− in Fig. 2-bottom, and this finally proves the re-
sult in Eq. (A.55). The condition above implies that there is the specific an-
gular momentum `− ∈]`−mso, ¯`+mso[, where ¯`+mso > 0 : Ve f f (r¯Max, ¯`+mso) =
K−crit(r
+
mso). In the second case, Eq. (A.56), where r
+
mso ∈ C1−x , we know
that r−min ∈]r−mso, r+mso[ for assumption, and then the specific angular momen-
tum `− ∈]`−mso, ˜` = `−(r+mso)[, and therefore rMax ∈]r˜−Max, r−mso[. However,
K˜−Max > K
+
mso if K˜
−
Max > K
−
Max > K
+
mso, and then we have r˜
−
Max < r
−
Max < r¯Max.
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with momentum in L1−, for which K1−Max < 1. Therefore, we
should consider the condition K1−Max > Ve f f (`
−
1 , r
+
mso), implying
restriction on L1−, see Fig. 2-bottom.
It is worth to say that the location of the outer edge of the
disk, so far ignored in this analysis, becomes relevant in the
discussion of the problem of inclusion for the corotating disk.
In fact, the position of rN , with respect to the outer margin, is
basically determined by the possibility to find out a proper K.
Appendix A.2.2.2. Marginally bounded orbit r+mbo ∈ ()−.
The issue of the location of the r+mbo with the respect to a
corotating configuration is extremely significant. The situation
is rather complex and here we will provide some general con-
siderations in the analysis of different specific situations.
The corotating configuration could be located either in the
region r > r+mbo or r < r
+
mbo, as detailed in Sec. (4). The inves-
tigation of this case involves the distinction of two classes of
attractors and the analysis of the location of r+mbo with respect
to both the inner and outer edge of the closed configurations.
More specifically, we will need to compare the situation for
r+mbo with that for r
−
mso and r
−
mbo. As such we distinguish the two
classes of attractors: A<ιa : a ∈ [0, aιa [, where r+mbo < r−mso,
and A>ιa : a ∈]aιa ,M], where r+mbo > r−mso; at a = aιa we have
r+mbo = r
−
mso, see Fig. 4.
In the second class of geometries, A>ιa , the radius r
+
mbo can
correspond to a center of the disk, or also any point of the con-
figuration, but not a critical point. For A<ιa attractors, the r
+
mbo
can be any point of the disk in general, but not the center of the
closed configuration, it can be however its critical cusped point.
In other words:
for A<ιa : a ∈ [0, aιa [; r+mbo < {r−J , r−cent};
it could be r+mbo = r
−
x or r
+
mbo ∈ ()−
∣∣∣
Θ(rcent−rin)
(A.60)
for A>ιa : a ∈]aιa ,M]; r+mbo < {r−J , r−x }; (A.61)
it could be r+mbo = r
−
cent or r
+
mbo ∈ ()−, (A.62)
where ()−, as usually, does not particularize the topology,
Θ(rcent − rin) in Eq. (A.60) is the Heaviside (step) function such
that Θ(rcent − rin) = 1 for rcent > rin and Θ(rcent − rin) = 0 for
rcent < rin. We need now to specify the specific angular mo-
mentum `− and the topology of the corotating configuration.
We look at the closed regular corotating topologies because any
critical topology must contain the marginally stable orbit, that
is r−mso ∈!()−x . This is because the margins of the critical config-
urations (both the inner as well as the outer edges of the closed
cusped topology) are univocally fixed by the specific angular
momentum, see curves Kcrit =constant in Fig. 2-bottom. Then
we need essentially to find the appropriate specific angular mo-
mentum for `−β : Ve f f (`
−
β , r
+
mbo) < 1.
We can provide some immediate constraints for the class of
geometries A<ιa in Eq. (A.61), by considering the location of
r+mbo < r
−
mso. For the configurations where r
−
mso < C
−, it must
be r+mbo < C
−. Therefore, from the former analysis, in the con-
ditions provided by Eq. (A.10) for the attractors A˘< ⊃ A<ιa , we
find r−mso < C−2 (in this case the r
2−
in > r
−
mso > r
+
mbo) and from
Eq. (A.18) for all the A˘< black holes, there is r−mso < C−3 (in
this case, the inner margin of C−3 is far beyond r
−
mso and r
+
mbo).
Therefore, one finds:
for A<ιa it is r
+
mbo < C
−
3 ; and for `
−
2 ∈] ˘`−, `−γ [
it is r+mbo < C
−
2 as r
2−
in > r
−
mso > r
+
mbo. (A.63)
The results in Eq. (A.63) explain the situation, for the slow at-
tractors completely for the C−3 configurations and for C
−
2 , but
not for the C−1 disks.
Similarly to what has been done in previous cases, we can
face this problem introducing the specific angular momentum
`−β : Ve f f (`
−
β , r
+
mbo) = 1, as shown in Fig. A.15-left. From the
figure it follows that
`−β ∈ L2− for a < aβγ− ⊃ A<ιa , and `−β ∈ L3− for
a > aβγ− ⊂ A>ιa , aβγ− > aιa for `− < `−β . (A.64)
In L1− the effective potential is always less then its asymptotic
limit, and it follows that it is possible to locate, with a proper
elongation, the disk such that
r+mbo ∈ ()−1 ; r+mbo ∈ ()−2 for a > aβγ− and for
a < aβγ− at `
− < `−β , r
+
mbo < ()
−
2 (A.65)
for `− > `−β , (A.66)
r+mbo < C
−
3 for a < a
β
γ− , and for
a > aβγ− and ` > `
β
γ− ; r
+
mbo∈C−3 (A.67)
for a > aβγ− and ` < `
β
γ− ; (A.68)
these results are in fact verified in Fig. A.15 and they confirm
the conclusion of Eq. (A.63). Equations (A.66,A.68) close dis-
cussion of the problem of inclusion.
However, in order to fully characterize this situation we can
consider the specific angular momentum `−(r+mbo), plotted as
function of a/M in Fig. A.10-upper. In fact, as a general
premise we note that for `− = `−(r+mbo), a critical point must
be located in r+mbo, according to Eqs (A.60,A.61).
In the A<ιa geometries, for fluids with momentum `
+
mbo, the
orbit r+mbo has to correspond to an unstable point, but it is not rJ
because, for possible `−(r+mbo) ∈ L3−, it could happen according
to the discussion in Appendix A.1.2 that the potential is not
well defined, but in this case, for these attractors, Eq. (A.63)
holds.
Once the center r−min is shifted with respect to r
+
mbo, such
that rmin ≶ rmbo (for `− , `−(r+mbo)), one can always select
a K− so that the elongation of the C− configuration is small
enough to ensure r+mbo < C
−. Besides, a more specific constraint
on K− could be provided in dependence on `−, according to
the analogue analysis suggested in (Pugliese&Stuchlík, 2015),
whereas in this section we will provide constraints on the rota-
tion parameters (a/M, `) for the location of the center.
We know that the gap ∆¯mbo`− ≡ ¯`− ± `−(r+mbo) > 0 between
the specific angular momenta (the ± sign is due to the require-
ment of positive ∆¯mbo`− according to the different location of r
+
mbo
with respect to rcent) is proportional to the distance between the
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Figure A.15: Corotating disks: r+N ∈ ()−: Left-upper-panel: specific angular momenta `−mbo ≡ `−(r−mbo), r−mbo is the marginally bounded orbit, `−mso ≡ `−(r−mso), r±mso
is the marginally stable orbit, `−γ ≡ `−(r−γ ), r±γ is the marginally circular orbit (photon orbit). Notation (±) is for counterrotating and corotating fluids respectively.
The specific angular momentum `−β : Ve f f (`
−
β , r
+
mbo) = 1 and `
−
Γ
: Ve f f (`−Γ , r
+
γ ) = 1 are also plotted. The spin aιa defines the two classes of attractors A<ιa and A
>
ιa
respectively. aβγ− ≡ 0.628201M : `−β = `−γ and aΓγ− ≡ 0.777271M : `−Γ = `−γ . Right-upper-panel and bottom panels: effective potentials as functions of r/M, at
different a/M and `.
radii, or generally ∂∆¯mbo
`−
(∆¯mbor ) > 0, where ∆¯
mbo
r is the (posi-
tive) distance between the radii (r+mbo, rcent). This must imply
the possibility of large specific angular momentum and then a
larger K−, or a larger range of variation for K−. Because rcent
is a minimum of the effective potential with r+mbo > r
−
Max, then
it is always Ve f f (r+mbo) − Ve f f (rcen) > 0, and this grows with in-
creasing specific angular momentum (we note that if it would
be r+mbo < r
−
Max, then the problem would be solved immediately
as r+mbo < C
−).
Considering the various locations of `−(r+mbo) ∈ Li−, we fi-
nally investigate four classes of attractors, defined by the spins
{a∗o, aιa , ao, aγo} as in Fig. A.10-upper:
I. At a = aιa it is r−mso = r+mbo and `
−(r+mbo) = `
−
mso, thus
at a ∈]aιa , ao[⊂ A>ιa it is `−(r+mbo) ∈]`−mso, `−mbo[= L1−,
r1−cent ≶ r+mbo for ` ≶ `−(r+mbo), (A.69)
and then, for ` < `−(r+mbo), the ring density can span in higher
values.
II. At a = ao we have `−mbo = `−(r
+
mbo), therefore the configu-
ration O−x has the unstable point r−J = r
−
mbo and r
−
cent = r
+
mbo.
For a ∈]ao, aγo[⊂ A>ιa it is `−(r+mbo) ∈]`−mbo, `−γ [= L2−
r2−cent ≶ r+mbo for ` ≶ `−(r+mbo), (A.70)
and, for ` = `−(r+mbo), the center of the disk will be at r = r
+
mbo.
The region of lower specific angular momentum, and the corre-
sponding orbital range, increases with the spin and thus one
could conclude that the separated configurations are favored
also with relatively high elongation of the corotating equilib-
rium disk.
III. Finally:
for a ∈]aγo,M] ⊂ A>ιa `−(r+mbo) ∈ L3−
r3−cent ≶ r+mbo for ` ≶ `−(r+mbo). (A.71)
In this case the range of lower specific angular momentum is
relatively small and it increases with the spin of the attractor.
At a = aγo, the center is located at r+mbo for `
− = `−(r+mbo).
IV. For lower spin, in the A<ιa geometries, there is r
+
mbo ∈
]r−mbo, r
−
mso[. Therefore, for momenta `−(r+mbo) (for those inL1
−),
the orbit r+mbo is a critical rx point. The disk center thus will be
located far from r+mso, with maximum distance in the static case.
For an attractor with a = aιa , the center will be located at r
−
mso.
Therefore, for smaller a/M, at ` < `−(r+mbo) ∈ L1−, the disk
center will be located close enough to the attractor and the disk
in its critical (closed) topology will be close to r−mso.
The specific angular momentum range for a ring centered in
]r+mbo, r
−
mso[ is higher at smaller a/M and, at a = a
∗
o, the disk is
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centered in r+mso with accretion point in r
+
mbo.
We note that r−mbo < r
+
mbo, and for a < aιa we have r
−
mso > r
+
mbo.
Therefore no C− disk can be centered in r+mbo. It is necessary
then to discuss the location of r+mbo with respect to the inner edge
of the disk. For the larger spin, we find r+b ∈]r−γ , r+mso[ and a C−
disk can be centered in r+mbo. Then we could say that for suf-
ficiently high spin, and with high specific angular momentum
for low spin, it can be r+mbo ∈ C−, and for a < aιa , it has to be
r+mbo ∈!()−x . For fast attractors, one has to consider also the outer
margin of the disk and the location of the marginally stable or-
bit as addressed in the previous point –see also the analysis in
Fig. A.16.
Appendix A.3. On the location of the photon orbits and gen-
eral consideration on the methods
We complete our study by considering the location of the ring
with respect to the photon orbits r±γ . The results of this inves-
tigations contribute to possibility to localize more accurately
a corotating configuration, with respect to the counterrotating
geodesic structure of the Kerr geometry– Fig. 4.
It is clear that the inclusion relations r±γ < ()± as well as
r−γ < ()+, due to r−γ < r+γ , can be derived by immediate con-
siderations of the geodesics structure of the Kerr spacetime. It
is now necessary to discuss the relation r+γ ∈ ()−. This anal-
ysis, together with the considerations drawn on the inclusion
relation r+mbo ∈ ()− at the end of Appendix A.2.2, complete the
discussion on the `counterrotating couple ()± and their possible
correlation.
We find:
for a ∈ A<ι ≡ [0, aι] it is r+γ ∈]r−γ , r−mbo] ≡ ∆r−J ;
for a ∈]aι, a−γ+ ] it is r+γ ∈]r−mbo, r−mso] ≡ ∆r−x ,
for a > aγ+ it is r
+
γ > r
−
mso. (A.72)
From these relations, and considering also the results of Ap-
pendix A.1.1 and particularly Eqs (A.1,A.2.A.3), we infer that
for a ∈ [0, aι] it is r+γ < (C−,C1−x ), (A.73)
a ∈]aι, a−γ+ ] it is r+γ < C−3 ; r+γ < C−2
for `−2 ∈] ˘`−, `−γ [.
Concerning the disks in the geometries with a ∈]aι, a−γ+ ], cer-
tainly r+γ < ()
− when r−mso < ()−, for example in the different
conditions laid down in Appendix A.1.2, and particularly in
Eqs (A.10,A.14,A.18).
However, to be more precise, we need to refer to the specific
angular momenta as in Figs A.15-left. Then we can introduce
the angular momentum `−
Γ
: Ve f f (`−Γ , r
+
γ ) = 1 such that `
−
Γ
∈
L2− for a < aΓγ− , while there is `
−
Γ
∈ L3− when a > aΓγ− . We
have:
aι < a−γ+ < a
Γ
γ− < a˘, aι ≡ 0.3137M, a−γ+ ≡ 0.638285M,
aΓγ− ≡ 0.777271M, a˘ ≡ 0.969174M. (A.74)
It follows that:
for a ∈ [0, aΓγ− [
it is r+γ ∈ ()−1 , r+γ ∈ ()−2 for `− < `−Γ ,
r+γ < ()
−
2 for `
− > `−Γ ∈ L2−; r+γ < C−3 ,
for a ∈]aΓγ− ,M]∗ it is r+γ ∈ ()−1 r+γ ∈ ()−2 , (A.75)
r+γ ∈ ()−3 for `− < `−Γ ∈ L3−
r+γ < ()
−
3 for `
− > `−Γ ∈ L3−.
(A.76)
We conclude that this kind of configuration is favored for coro-
tating matter, when both rotation parameters, (a/M, `−), have
sufficiently low values (in accordance with the balance of cen-
trifugal and gravitational component of the effective potential to
which the configuration is subject). In case of the closed con-
figurations, this property helps for setting the inner and outer
edge of the disk.
We note that the relations in Eqs (A.75,A.76) are not in con-
tradiction with the result of Eq. (A.73). In fact these two results
should be considered together, and ensure that in this case the
potential is lower than its asymptotical limit, but the point, in
this case the orbit r+γ , is located in a right range of the maxi-
mum point, where the function is increasing with the radius (in
the case of momenta in L3− there is no minimum of the hydro-
static pressure).
These results are confirmed by Fig. A.17, moreover we
note that also Eqs (A.66,A.68), confirmed by the analysis in
Figs A.15, are not in contradiction with the constraints provided
by the geodesic structure. This is because for the orbit r∗ it fol-
lows: V2e f f (`3, r∗) > 0 and K
i
Max ≡ Ve f f (`i, rMax) ≥ Ve f f (`i, r∗)
for `i ∈ {L1,L2}, where rMax < r∗. This is always true for
` ∈ L2; then for the closed topologies it is necessary to choose
a proper elongation and density such that K2 < K2Max. The sit-
uation for the momenta in `i ∈ L1, where the maximum of
the centrifugal barrier has K1Max < 1, is more articulated. The
constraint Kcrit ≤ Kcrit(r∗) provides a relation r = r(a). This
analysis is shown in Fig. A.16, which also explains the asterisk
(∗) in Eq. (A.76). On the other hand, this is evident from the
shape of the curve `−
Γ
in Fig. A.15.
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